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■ Abstract 

In this paper, the Euler characteristic formula for projective logarithmic minimal degener- 
ations of surfaces with Kodaira dimension zero over a 1-dimensional complex disk is proved 
under a reasonable assumption and as its application, the singularity of logarithmic minimal 
degenerations are determined in the abelian or hyperelliptic case. By globalizing this local anal- 
ysis of singular fibres via generalized canonical bundle formulae due to Fujino-Mori, we bound 
ff^ ■ the number of singular fibres of abelian fibred Calabi-Yau threefolds from above, which was 

^ . previously done by Oguiso in the potentially good reduction case. 
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Based on the 2-dimensional minimal model theory, Kodaira classified the singular fibres of degenera- 
tions of elliptic curves ( [35], Theorem 6.2 ). It is quite natural that many people have been interested 
in the degenerations of surfaces with Kodaira dimension zero as a next problem. The first effort be- 
gan by his student litaka and Ueno who studied the first kind degeneration ( i.e., degeneration with 
the finite monodromy ) of abelian surfaces with a principal polarization ( [79] and [80] ) while in 
that time, 3-dimensional minimal model theory had not been known. After Kulikov succeeded to 
construct the minimal models of degenerations of algebraic K3 surfaces in the analytic category from 
semistable degenerations and to classify their singular fibres ([38]), extension to the case of the other 
surfaces with Kodaira dimension zero has been done ( see for example, [59], [48], [73] ). As for the 
non-semistable case, there are works due to Crauder and Morrison who classified triple point free 
degeneration ([9], [10]). 3-dimensional minimal model theory in the projective category was estab- 
lished by Mori ( [50] ) but we can not start studying the degenerations from minimal models because 
of their complexity while it has been known that log minimal models of degenerations of elliptic 
curves behaves nicely (see [63], (8.9) Added in Proof.). After the establishment of 3-dimensional log 
minimal model theory, we introduced the notion of a logarithmic minimal degeneration in [58] as 
a good intermediate model to a minimal model which acts like a "quotient" of minimal semistable 
degeneration by the transformation group induced from a semistable reduction. Of course, because 
of the non-uniqueness of minimal models, the transformation group does not act holomorphically on 
the total space in general. 

Definition 1.1 Let f : X ^ B he a proper connected morphism from a normal Q-factorial variety 
defined over the complex number field C (resp. a normal Q-factorial complex analytic space) X 
onto a smooth projective curve (resp. a unit disk V := {z G C; \z\ < 1} ) B such that a general 
fibre f*ip) (resp. any fibre f*{p) where p is not the origin) is a normal algebraic variety with only 
terminal singularity. Let E be a set of points in B (resp. the origin 0) such that the fibre f*{p) is 
not a normal algebraic variety with only terminal singularity. Put Qp :— /*(p)red and 6 := Z^pgs Qp- 

(1) f : X ^ B IS called a minimal fihration {resp. degeneration) if X has only terminal singularity 
and Kx is /-nef (i.e.. The intersection number of Kx and any complete curve contained in a 
fibre of / is non- negative) . 

(2) f : X ^ B is called a logarithmic minimal {or abbreviated, log minimal) fibration {resp. 
degeneration) if {X, ©) is divisorially log terminal and Kx + © is /-nef. 



1 Introduction 



(3) f : X ^ B is called a strictly logarithmic minimal {or abbreviated, strictly log minimal) 
fibration {resp. degeneration) if {X, 0) is log canonical with Kx, Q being both /-nef. 

Remcirk 1.1 We note that any fibrations (resp. degenerations) of algebraic surfaces with Kodaira 

dimension zero over a smooth projective curve (resp. 1-dimcnsional unit disk) B are birationally 
(resp. bimeromorphically) equivalent over i? to a projective log minimal fibration (resp. degenera- 
tion) and also to a projective strictly log minimal fibration (resp. degeneration). In fact, firstly we 
can take a birational (resp. bimeromorphic) model g : Y ^ B, where g is a relatively projective 
connected morphism from a smooth variety (resp. complex analytic space) Y such that for any 
singular fibre of g, its support has only simple normal crossing singularity with each component 
smooth by the Hironaka's theorem ([26]). Let S C i? be a set of all the points such that g is not 
smooth over p & B (resp. the origin 0). By the existence theorem of log minimal models established 
in [72], [31], Theorem 2, [37], Theorem 1.4, we can run the log minimal program with respect to 
Ky + Z^p6E5'*(p)red Starting from Y to get a log minimal model f : X ^ B which is a log minimal 
fibration (resp. degenerations) in the sense of Definition 1.1. Here we note that by the Base Point 
Free Theorem in [54], we infer that Kx + © ~q f*D for some Q-divisor D on B. By applying the 
log minimal program with respect to Kx starting from X, we obtain a model : X^ — > B which 
obviously turns out to be a strictly log minimal fibration (resp. degenerations). 

Definition 1.2 Let G be a finite group and p : G ^ GL(3, C) be a faithful representation. Let 
C"^/ (G, p) denote the quotient of by the action of G defined by p. We assume that the quotient 
map C"' ^ C'^ / (G, p) is etale in codimension one. A pair (X, D) which consists of a normal complex 
analytic space X and a reduced divisor D on X is said to have singularity of type Vi(G,p) {resp. 
V2{G,p) ) at p & X il there exists an analytic isomorphism (/? : {X,p) — > (C^/(G, p),0) between 
germs and a hypersurface H in defined by the equation z = Q (resp. = 0), where x, y and z 
are semi- invariant coordinates of C'^ at such that D = (p* {H / {G , p)) . In particular, if G is cyclic 
with a generator a & G and {p{a)*x, p{a)*y, p{a)*z) = {(°'x,(''y,C^^)j where a, b, c & Z and ( is 
a primitive r-th root of unity for some coordinate x, y and z of at 0, we shall use the notation 
Vi{r;a,b,c) { resp. V2{r;a,b,c) ) instead oiVi{G,p) { resp. V2{G,p) ). 

Remark 1.2 We note that if {X,D) has singularity of type Vi{G,p) at p, the local fundamental 
group at p of the singularity of X is isomorphic to G by its definition. 

Let f : X ^ V he a log minimal degeneration and let = I]i be the irreducible decomposition 
and put Aj := DiS0-{Q — ©j) for any i. For p G X, let d{p) be the number of irreducible components 
of © passing through p & X. Then the foUowings hold. 

(a) For any i, ©j is normal, Aj is a standard boundary (see Definition 3.1) and (0j, Aj) is log 
terminal (see [72], Lemma 3.6, (3.2.3) and Corollary 3.10). 

(b) d{p)<3. 

(c) If d{p) = 2, {X,Q) has singularity of type V2{r;a,b,l) at p, where r G N, a,b E Z and 
{r,a,b) = 1 (see [8], Theorem 16.15.2). 

(d) If d{p) = 3, p G © C X is analytically isomorphic to the germ of the origin G {(a;, y, z);xyz = 
0} C (see [8], Theorem 16.15.1). 

(e) For any i and p G ©j \ Supp Aj, if ©j is smooth at p, then X is smooth at p (see [72], Corollary 
3.7). 



One of the aims of this paper is to give the following Euler characteristic formula for log minimal 
degenerations with Kx + 6 being Cartier. We note here that the study of log minimal degenerations 
of surfaces with Kodaira dimension zero reduces to this case by taking the log canonical cover with 
respect to Kx + © globally (see §6). 

Theorem 1.1 Let f : X ^ V be a projective log minimal degeneration of surfaces with Kodaira 
dimension zero such that Kx + Q is Cartier. Let /*(0) = ^irriiQi be the irreducible decomposition. 
Then for t &T>* ■.— T> \ {0}, the following formula holds. 

etopW = E"^i(eorb(e>AAO+ E 

pe0i\Ai 

where Xt := f*{t), eQ^]^(9j\ Aj) is the orbifold Euler number ofQi\Ai and Sp{X, 6^) is the invariant 
of the singularity of the pair (X, 9j) atp £ Oi\Aj which is well defined and can be calculated explicitly 
as explained in the next section. 

The above formula turns out to be quite useful for further study of degenerations. In fact, we 
apply the following corollary to the study on non-semistable degenerations of abelian or hyperelliptic 
surfaces. 

Corollary 1.1 Let notation and assumptions be as in Theorem 1.1. Assume that e^op(^*) ~ ^ f^"^ 
t G V* . Then, for any i, we have e^^j.^{Qi \ Aj) = and for any p E Qi \ Aj, {X,Q) has only 
singularity of type Vi{r] a, —a, 1) at p, where (r, a) = 1. 

Based on the result of Corollary 1.1, we shall prove the following theorem. 

Theorem 1.2 Let f : X ^ T> be a projective log minimal degeneration of abelian or hyperelliptic 
surfaces, not neccesarily assuming that Kx + Q is Cartier. Then the possible singularities of (X, 0) 
at p G X are the following three types : 

(0) X is smooth at p & X and has only normal crossing singularity at p, 

(1) {X, 0) has singularity of type V2(r; a, 6, 1) at p, where r e N , a,b & Z and (r, a,b) — 1. 

(2) {X,Q) has singularity of type Vi{G,p) atp. 

More precisely, if f is of type 11, we have r — 2,3,4 or 6 in (1), and G ~ Z/nZ or Z /2Z © Z/nZ, 
where n — 2,3,4 or 6 in (2). The dual graph of is a linear chain or a cycle. Moreover, there 
exists a projective bimeromorphic morphism ip : X ^ X^ over T> such that for the induced projective 
degeneration : X* T>, we have Kx^ ~q and f''^*{0) = mQ^ for some m G N, where 
:= ip*Q. The possible types of singularity of (X*, 0*) and the dual graph of the support of the 
singular fibre are the same as ones of (X, 0) ( but the components of the singular fiber may become 
non-normal). If f is of type 111, we have r — 2 in (1), and (2) is reduced to the following three types. 

(III-2.1) (X, 0) has singularity of type Vi(r;a, — a, 1) at p, where r — 2,3,4 or 6, a & Z and 
(r, a) = 1, 

(III-2.2) (X, 0) has singularity of type Vi{2; 1, 0, 1) at p, 

(III-2.3) (X, 0) has singularity of type Vi{G, p) at p, where G ~ Z /2Z © Z /2Z and letting {a, r} 
denote a set of generators, 

/-10 0\ /010\ 
p{a) =0-10, p(r) =10 . 

Voo-1/ voo-i/ 

In particular, if f is of type III, then X has only canonical quotient singularity. 



For the definition of types I, II and III, see Definition 5.2. 

Problem 1.1 Let / : X — > D a projective log minimal degeneration of abelian or hyperelliptic 
surfaces of type III. Applying the log minimal program to / with respect to Kx^ we see that there 

exists a projective bimeromorphic map : X > X* over V such that for the induced projective 

degeneration : X'"^ V, we have Kx^ ~q and /**(0) = m0* for some m G N, where 0* := 
and that X'^ has only canonical singularity but the possible types of singularity of {X'^, Q'^) may differ 
from the ones of {X, 9). So determination of the types of singularity of {X^, remains to be done. 

Refining a canonical bundle formula in [17] by the Log Minimal Model Program, we obtain the 
following theorem as an application of Theorem 1.2. [17]. 

Theorem 1.3 (Theorem 8.1) The number of singular fibres of abelian fibred Calabi Yau threefolds 
over a smooth rational curves are bounded from above not depending on relative polarizations. 

Remark 1.3 (1) The number of singular fibres and the bounding problem of Euler numbers are 
closely related to each other. [27] asserts the boundedness of Euler numbers of fibred Calabi- Yau 
threefolds, but unfortunately, [27] contains a several crucial gaps. In fact, one of the aims of this pa- 
per is to remedy the results in [27]. For example, the crucial Lemma 4 in [27] has a counter-example 
as follows. Let / : X — > D be a projective connected morphism from a complex manifold X onto a 
1-dimensional complex disk V. Assume that fo '■— /|/-i(x>*) is a smooth family of abelian varieties, 
where T>* :— I>\{0}. Assume moreover / does not admit any sections. According to [81], there exists 
a projective morphism : X'' — > V from a complex manifold X^ onto T> such that f^ :— /''j/fc-ip*) 
is a basic polarized bundle associated with fo, that is, the pairs of period maps and the monodromies 
associated with fo and fo are equivalent. But / and are not bimeromorphically equivalent because 
admits a section while / does not. By the same reason, the assertion in §3, Step 1 in [27] saying 
that tt' : X' — > Y' is birational to the pull back of g' : -^T'\ T>^ is incorrect. 

(2) Moreover, fixing the degrees of direct image sheaves of relative dualizing sheaves as in [27] 
gives no condition on the number of singular fibres. For example, for any given integer g, there exists 
a eUiptic surface fg-.Xg^B over a projective line B such that deg fg^O{Kxg/ B) ~ and fg has 
2g + 2 singular fibres. These can be constructed by taking quotients of products of elliptic curves and 
hyperelliptic curves by involutions which are products of translations by torsion point of order two 
and canonical involutions of hyperelliptic curves. These are not the counter-example of boundedness 
of Euler numbers of fibred Calabi- Yau threefolds, but at least one has to care about the number of 
singular fibres which contribute to the Euler numbers. It seems that there is no argument like that 
in [27]. 

(3) As for independence of boudcdncss on the relative polarizations, [27] seems to be using the 
fact that abelian varieties defined over an algebraically closed field are isogeneous to a principally 
polarized abelian varieties. The problem is to bound the degree of the neccesay base change but the 
argument [27], pp.150. Corollary does not seem to be successful (It seems that pr in the proof is just 
the isomorphism). Instead, we used the Zarhin's trick in our argument. 

In §2, we define the invariant 6p, and prove Riemann-Roch formula for divisors on singular 3-fold 
under some assumptions ( Proposition 2.3 ) to prove Theorem 1.1 and Corollary 1.1. In §3, we 
classify type II and III log surfaces ( for the definition, see Definition 3.4 ) under certain typical 
assumption which are supposed to appear canonically as the components of the singular fibres of 
the degeneration of surfaces with Kodaira dimension zero. In §4, we give a theory to calculate 
local fundamental groups seeing differents, which will be used to determine the singularity of the 



total spaces from the information of log surfaces obtained in the previous section. In §6, we prove 
Theorem 1.2 by using the results in the previous sections. In §5, §7.1 and §7.2, we give a systematic 
treatment of degenerations or fibrations of surfaces with Kodaira dimension zero including Kodaira- 
Mori's canonical bundle formulae and in §7.3, we shall argue about the abelian case. 

Notation and Conventions 

Let X be a normal variety defined over an algebraically closed field k (if the characteristic of k 
is not zero, we assume the existence of a embedded resolution). An elements of Weil X ® Q is 
called a Q-divisor. Q-divisor D has the unique irreducible decomposition D = X]r(iiiultri^)r, where 
multr-D e Q and the summation is taken over all the prime divisors F on X. Q-divisor A is called 
a Q-boundary if multpA e [0, 1] n Q for any prime divisor F. Q-divisor D is said to be Q-Cartier if 
rD e Div X for some r E Q. X is said to be Q-Gorcnstcin if a canonical divisor Kx is Q-Cartier. 
X is said to be Q-factorial if any Weil divisor on X is Q-Cartier. A pair (X, A) which consists of a 
normal variety X and Q-boundary A on X is called a normal log variety. For a normal log variety 
{X, A), a resolution /i -.Y ^ X is called a log resolution of (X, A) if each component of the support 
of //J^A-I-X^jgj Ei are smooth and cross normally, where {Ei}i^j is a set of all the exceptional divisors 
of /i. Assume that Kx -|- A is Q-Cartier. The log discrepancy ai{Ei; X, A) e Q of Ei with respect to 
(X, A) is defined by 

aiiEi, X, A) := mult^;,(Xy + /x^^A + E - + A)) e Q 

and the discrepancy a{Ei;X,A) E Q is defined by a{Ei;X,A) := ai^Ef, X, A) + 1. The closure of 
n{Ei) C X is called a center of Ei at X which is denoted by Ccntcrx(-Ei)- The above definitions of 
discrepancies, a log discrepancies and centers are known to be well-defined and depend only on the 
rank one discrete valuation of the function field of X associated with EiS. EiS are called a exceptional 
divisors of the function field of X and it has its meaning saying discrepancies, a log discrepancies and 
centers of exceptional divisors of the function field of X. A normal log variety (X, A) is said to be 
terminal (resp. canonical^ resp. purely log terminal) if a{E.i\X,A) > (rcsp. a^Ef, X, A) > 0, resp. 
ai{Ei] X, A) > 0) for any log resolution fi and any i e /. For some log resolution /i, if ai{Ei; X, A) > 
for any i E I, (X, A) is said to be log terminal, moreover if the exceptional loci of /i is purely one 
codimensional, (X, A) is said to be divisorially log terminal. We shall say that X has only terminal 
(resp. canonical, resp. log terminal) singularity if (X, 0) is terminal (rcsp. canonical, resp. log 
terminal) as usual (see [37] or [72] and see also [29], §1 for the treatment in the complex analytic 
case ). 

In this paper, we shall use the following notation: 

v : X" X : The normalization of a scheme X. 

Diffr''(A) : Q-divisor which is called Shokurov's different satisfying 

u*{Kx + F + A) = + Diffr.(A), 

where F is a reduced divisor on a normal variety X and F -|- A is a Q-boundary on X such 
that Kx + r + Ais Q-Cartier. (see [72], §3, [8], §16). 

A^ : Q-divisor on Y satisfying Ky+A^ = f*{Kx + A), where f -.Y ^ X is a birational morphism 
between normal varieties and A is a Q-boundary on X such that Kx -|- A is Q-Cartier. 

indp{D) : The smallest positive integer r such that rD is Cartier on the germ of X at p, where D 
is a Q-Cartier Q-divisor on a normal variety or a normal complex analytic space X. 



Ind(-D) : The smallest positive integer r such that rD ~ 0, where D is a Q-Cartier Q-divisor on 
a normal variety X such that D r^Q 0. 

Exc/ : Exceptional loci of a birational morphism f : X ^ Y between varieties X and Y, that is, 
loci of points in X in a neighbourhood of which / is not isomorphic. 





Linear equivalence. 




: Q-linear equivalence. 




: Round up of a Q-di visor A. 


LAJ 


: Round down of a Q-divisor A. 


{A} 


: Fractional part of the boundary A. 


^top 


: Topological Euler characteristic. 



p{X/Y) : Relative Picard number of a normal Q- factorial variety X over a variety Y. 

: Hirzebruch surface of degree d. 
Card S : Cardinahty of a set S. 

For a normal complete surface S with at worst Du Val singularities, we shall write 

Sing S = ^ u(T)T, 

T 

where z/(T) denotes the number of singular points on S of type T. For a quasi projective complex 
surface S with only quotient singularity, recall that the orbifold euler number e^y-^lS) e Q of 5* is 
defined by 

^orhiS) :=etop(^)-E(l-c^)' 

where 7rs,p denotes the local fundamental group oi S a,t p E S (see [30], page 233 or [41], Definition 
10.7). 
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2 The Euler characteristic formula 

Firstly, let us recall the following result due to Crauder and Morrison. 

Proposition 2.1 ([9], Proposition (A.l)) Let X be a smooth S-fold and let D be a complete 
effective divisor on X whose support has only simple normal crossing singularities. Then the following 
holds. 

i i i 

where D = J2i ^iDi is the irreducible decomposition. 

Let {X, p) be a germ of 3-dimensional terminal singularity at p whose index r is equal to or greater 
than 2. Take a Du Val element e | — Kx\ passing through p, where we say that e | — Kx\ is a Du 
Val element, if is a reduced normal Q-Cartier divisor on X passing through p such that S has a Du 
Val singularity at p. The canonical cover ti : X X with respect to Kx induces a covering of Du 
Val singularities tt : := 7r~"'^(S') — > S. There is a coordinate system y and z of which are semi- 
invariant under the action of the Galois group Gal {S / S) such that p := 7r~^(p) e 5 is analytically 
isomorphic to the germ of the origin of the hypersurface defined by a equation f{x,y,z) — 0. Let 
(7 be a generator of Gal (S/S) and let C be a primitive r-th root of unity. The actions of a are 
completely classified into the following 6 types (see [64]). 

(1) p e 5 is of type An-i and p e 5" is of type An-i {'n > 1)- f — xy + z'^,a*x — ("-x, a*y — 
and a*z — z, where (r, a) — 1. 

(2) p e S is of type A2n-2 and p e 5" is of type -D2n+i {'n>2). r ^ 4, f ^ x'^ + y'^ + z^"''^, a*x = C,x, 

(T*y = C^^y and a*z = (^z. 

(3) p e <5 is of type ^2n-i and p e is of type -D„+2 {n>2). r — 2, f — x"^ + y^ + 2;^", a*x — x, 
a*y — —y and a*z — —z. 

(4) p e ,S is of type D4 and p e 5" is of type Eq. r — 3, f — x"^ + y^ + z^ , a*x — x, a*y — (y and 
a*z = C^z. 

(5) p e 5" is of type Dn+i and p e is of type D2n- r = 2, f = x^ + y^z + z", a*x — —x, a*y = —y 
and a*z — z. 

(6) p e y5 is of type Eq and p G 5" is of type E^. r — 2, f — x"^ + y^ + z'^ , a*x — —x, a*y = y and 
a*z — —z. 

Definition 2.1 For p e S C X as above, we define the rational number Cp(X, 5) G Q as follows: 

Case p G X Gorenstein, 

n{r—{l/r)} Case (1), 

3(2n + 3)/4 Case (2), 

Cp{X,S) { 3 Case (3), 

16/3 Case (4), 

3n/2 Case (5), 

9/2 Case (6). 

Definition 2.2 Let p G 5* C X be as above, we define the rational number dp{X, S) E Q as follows: 

5p(X, S) := ep(S) - - Cp(X, S) G Q, 

where ep{S) is the Euler number of the inverse image of p by the morphism induced by the minimal 
resolution and Op{S) is the order of the local fundamental group of S at p. 



If the index of X at p is equal to or greater than 2, we obtain the following table. 



Table I 









r ( X ^) 


1) (X 


(1) 


rn 


rn 


n{r — (l/r)} 


(n^ — l)/rn 


(2) 


2n + 2 


8n-4 


3(2n + 3)/4 


n(n- l)/(2n- 1) 


(3) 


n + 3 


An 


3 


(4n^ - l)/4n 


(4) 


7 


24 


16/3 


13/8 


(5) 


2n+ 1 


8(n- 1) 


3n/2 


(4n2 + 4n - 9)/8(n - 1) 


(6) 


8 


48 


9/2 


167/48 



Proposition 2.2 6p{X,S) > 0. 6p{X,S) — if and only if {X,S) has only singularity of type 

Vi(r; a, —a, 1) at p, where (r, a) = 1. 

Proof. If p G X is Gorenstein, it is easy to sec that 6p{X,S) = ep{S) — l/op{S) > and that 
5p{X, 5) = if and only if X and S is smooth at p. Assume that the index of p G X is equal to or 
greater than 2. If we have Sp{X, S) = 0, we infer that p G 5' is smooth (hence p G X) from Table I. 
Thus we get the assertion. ■ 

We give a proof of the following Reid's Riemann-Roch formula, which seems to be more clear 
than the one in [64], (9.2) to see the last statement in the theorem which is a crucial point for our 
subsequent argument. 

Theorem 2.1 ([64], Theorem 9.1 (I)) Let X be a projective surface with at worst Du Val singu- 
larities and let D be a Weil divisor on X . Then 

x{Ox{D)) = x{Ox) + \d{D -Kx) + Y: Cp{D), 

^ pex 

where Cp{D) is the rational number which depends only on the local analytic type of p & X and 
Ox{D). 

Proof. Let ji :¥ ^ X he the minimal resolution of X. Put V [/i*-Dl - L/^*-Dj. Then there 
exists the following exact sequence: 

^ Oy{[ix*D\) ^ Oy ([//*£>!) ^ Or{\li*D-\) ^ 0. 

Since we have /x,Oy(L/i*L'J) ~ Oy{D) by [66], Theorem 2.1 and i?>,C»y([/i*L']) = for i > by 
[66], Theorem 2.2, we obtain the following exact sequence: 

^ Ox{D) ^ /x,Oy([/i*Z}l) ^ ^,Or{\^*D-\) ^ i?V*(^y(b*^J) ^ 

to get 

x{Ox{D)) = x{^^*Oy{\^^*D-\)) 

-length Ker{/i,Cr(r/i*I)l) ^ i?V*C'y(L/^*^J)}- 
Put A := [//*-D] - ^*D. Then x(/i*Cy( )) can be written as follows: 

x{^i.Oy{\^x*D-\)) = x{OY{\^i*D■\)) 

= x{Ox) + \{^l*D + ^){^x^D + ^-^x*Kx) 

= x{Ox) + \{D'-DKx) + \/:^'. 



Putting Cp{D) := (l/2)(A|^-i(p))2 - length T{D)p, where 

T(D) := Ker{i^,Or(\l^*D]) ^ R'i^,Oy(Ii^*D\)}, 

we get 

x{Ox{D)) = x{Ox) + ^i^P -Kx)+Y: ^piD). 

^ pex 

As for the last assertion, for any two Weil divisors Di and D2 such that Di — D2 is Cartier at p E X, 
since A for L> = Di and D = is the same and we have T{Di)p — T{D2)p 'S'Oxp ^x{Di — D2)p, 
we infer that Cp{Di) — Cp(I?2)- Thus we get the assertion. ■ 

Lemma 2.1 LetX be a germ of reduced irreducible normal Q-Gorenstein analytic spaces and D be a 
non zero Q-boundary on X. Assume that {X, D) is canonical and that the center on X of any divisor 
Ej with discrepancy zero is contained in the support of D, then X has only terminal singularities. 

Proof. Let // : y — > X be a Hironaka resolution of X and write Ky = fJ^*Kx + JZjgj ^j^j 
II* D — ii~^D + J2jeJ^j-^jj where {Ej\j e J} is the set of all the //-exceptional divisors and aj, Vj are 
non-negative rational numbers for any j G J. By the assumption, we have Qj > Vj for any j G J. By 
the choice of our resolution, Vj = implies that Ej is obtained by blowing up the center which is not 
contained in the support of the weak transform of some multiple of D. Thus we get the assertion. ■ 

Proposition 2.3 Let X be a normal Q-Gorenstein 3-fold and D be an effective complete Cartier 
divisor on X such that the log 3- fold {X. Died) is divisorially log terminal and that X is smooth 
outside the support of D. Assume that Kx + -Dred is Cartier and each irreducible component of D is 
algebraic and Q-Cartier. Then the following formula holds : 

xiOn) = j:m,x{On,) + kD'-^m,Df) + \{D'-j:m,D^)Kx 

i i i 

-J^Jl^i J2 Cp{X,Di), 

where D — Z^jmjDi is the irreducible decomposition and D° :— Di \ Uj^iDj. 

Proof. We calculate the contribution of singularities to the formula in Proposition 2.1 using Reid's 
Riemann-Roch for surfaces with Du Val singularities and examining the original proof of Proposi- 
tion 2.1. By the assumptions, wc infer that if X is not smooth or X is smooth but Z^red is not 
a normal crossing divisor at p E X, then p G D° for some i, X has only terminal singularity by 
Lemma 2.1 and has at worst Du Val singularity at p E G X since {X, Di) is canonical for any 
i. We note that if a singularity p E X \s Gorenstein then this singularity does not contribute to the 
Riemann-Roch. Assume that p E D° for some i and that r := ind pKx > 2. Take the canonical 
cover 7T : X ^ X locally at p (here wc used the same notation X for an open neighbourhood of 
p E X). Putting p := 'ri^^{p) and Di := ^^^{Di), let '&i E Oj^ be a defining equation of Di and let a 
be the generator of the covering action. For any / G N, there is the following exact sequence locally 
at p which is compatible with the action of a. 

^ ^lOf,^ ^ ^ O,^^ ^ 0. 

Since H^{< a >,'t?-(9j^J = 0, taking the invariant part of the above exact sequence, we obtain the 
following exact sequence locally at p: 



where is the a-invariant part of '^lOfj,. We note that in fact, is a restriction 

of the divisorial sheaf J-'i := Ker {C(/_|_i)£). —>■ Om^} on Dj. Define a E N so that o'*^?^ = 
where C is a primitive r-th root of unity and note that (a, r) — 1 since Kx + D^.^^ is Cartier. 
we note that for any cp e Of)., -dl^p G "^lOf). is cr-invariant if and only if a*(fi — C"V) so we have 
~ {</? e Tr^C^.; (T*</? = C"V} locally at p e D°. Assuming that p E Dj, is smooth (the case (1), 
n = 1) for simplicity, we calculate the summation of the contribution to the Riemann-Roch for J-'i 
{1 < I < nii — 1), that is, Ya^i^ Cp{Ti) as follows. Note that there exists a natural number di E N 
such that nii = rdi since niiDi is Cartier at p. 

2. cp(-^/) = L — --diX: — 0^ — ^-d^2L^:^- 

1=1 1=1 ^'^ 1=1 1=1 

where al E Z is the unique integer such that al = al (mod r) and < a/ < r — 1. The other cases 
can be treated similarly using the Q-smoothing method as explained in [64] . ■ 

Proof of Theorem 1.1. Since / is fiat, we have x(CxJ = x(Cxo) for t G V*, where Xq := /*(0). 
Using Proposition 2.3 and the assumption that Kx + © ~q 0, we obtain 

etop(^*) = 12x((!?xJ 

= ^m,(12x(C»Gj- 26^ + 3^929,- Cp(X,e,)). (2.1) 

On the other hand, since for any i. A, is either 0, disjoint union of smooth elliptic curves or a cycle 
of rational curves ( see Lemma 3.4 ), we have 

^l. + etop(AO = A^ + etop(AO = ^0^0? + 3 E ^i^j^k 

j^i j,k^i3.ndj<k 

= E0i0? + ^ E ©A-Q/t 

= 2e^-^E0^e>?-3Ee>'e>i + ^E0Ae>fc- 

Therefore, we have 

Em,(x|,^ + etop(A,)) ^E^^lse'-sEe'e*.)' (2-2) 

i i j 

since Z^jmjGj ~ 0. From (2.1) and (2.2), we obtain 

etopW = E^i(12x(CeJ-i^|,-etop(A,)- E c,(X,e,)). 

For any i, let ©■ — > ©j be the minimal resolution of the singularities of ©j. Since we have 

etop(0;) = etop(0O + E - 1) 

pee, 

and ©i has only Du Val singularities, wc have 

etop(©^) = 12x((^eJ - i^l, - E i^pi^^) - 1) 



by Noether's equality. Thus we obtain 



etopW = E^^{etop(e'AAO+ E {e,{e,)-i-c,{x,e,))} 

i pe0i\Ai 



Proof of Corollary 1.1. Since we have e^^j.^{Qi \ A,) > for any i by Miyaoka's incquaUty (see 
[46], Theorem 1.1 or [41], Theorem 10.14), we obtain the assertion from Proposition 2.2. ■ 

3 Structures of log surfaces with a standard boundary whose 
log canonical divisors are numerically trivial 

3.1 «S-extractions and «S-elementary transformations 

Definition 3.1 ([74]) A normal log variety (X, A) defined over an algebraically closed field k is 
said to be a log variety with a standard boundary, if multpA & S :— {{b — l)/b\b & N Li {oo}} for 
any prime divisor F. 

Definition 3.2 Let {S, r + A) be a normal log surface with a Q-boundary r + A, where F is a prime 
divisor on S. For a point p G F, we define a rational number mp(F'^; A) G Q as follows. 

mp(F'^;A) := multpDifrr.(A). 

Let {S, A) be a normal log surface with a standard boundary defined over an algebraically closed 
field k. Assume that {S, A) is log canonical and [AJ 7^ 0. Take p G [A J and let F be an irreducible 
component of the germ of [AJ passing through p. Then mp(F; A — F) can be written as follows: 

n-1 ^b-lkb 



m,(r;A-r)^- + E , , 

n b n 

where n & N and kf, is a non-negative integer for all b and A;^ = except for finite number of b. We 
note that this is well known in the case of characteristic but in fact this is just a conclusion of the 
intersection theory, so we don't have to worry about the characteristic of k about this matter. Since 
{S, A) is log canonical, we have 

n f^^ h n - ' 

Noting that (6 — l)/6 > 1/2, we get Z^^2 ^6 ^ 2. Therefore, one of the following three cases (1), (2) 
and (3) occurs. 

(1) A;b = for all 6, 

(2) There exists b' such that ky = 1 and = if 6 7^ 6', 

(3) A;2 = 2 and = if 6 7^ 2. 



So we have 

(n — l)/n Case (1), 
mp(r; A - r) = i {bn- l)/bn Case (2), 
[ 1 Case (3). 

Let p : T — > be a birational morphism from a normal surface T which is the blow up of p if 5" is 
smooth at p or is obtained from the minimal resolution of p G 5" by contracting all the exceptional 
divisors that do not intersect the strict transform of F if 5" is singular at p. We call this p an 
S -extraction. 

Lemma 3.1 (T, A^) is a log surface with a standard boundary. 

Proof. Let E be the exceptional prime divisor for p. We only have to show m :— mult^A^ e S. By 
definitions, we have 

Kr + (A' - r)|r' + mE\r' = p*{Kr + Difrr(A - T)), 

where A' and F' are the strict transform of A and F respectively, hence 

(A'-F',F'V+m = mp(F;A-F), 

where p' := p~^{p) fl F' and (A' — F', F')p/ denotes the local intersection number of A' — F' and F' at 
p'. If we are in the cases (1) or (2), we see that (A' — F', F')^/ = 0, hence m = mp(F; A — F) G iS. 
Assume that we are in the case (3). Since (A' — F', F')p/ G (1/2)^, m > and m = 1 — (A' — F', F')^/, 
we have m = 0, l/2orl. Thus we get the assertion. ■ 
Assume that there exists a proper surjective connected /c-morphism ip : S ^ B to a. smooth 
curve B defined over k such that p{S/B) = 1 and that the support of [AJ is not entirely contained 
in a fibre of (/? and that Ks + A is relatively numerically trivial over B. Let p : T — > S* be a 
birational morphism to a normal surface S obtained by contracting the other component of the fibre 
oi If o p which contains E and put A := p*/^ . Then (5*, A) with the induced morphism (p : S ^ B 
satisfies the same conditions as {S, A) and (p : S ^ B. We call this transformation a S- elementary 
transformation. 

Definition 3.3 For t e B,we define the Q-boundaries A+(t) and A~(t) on 5" as follows. 

A+(t) := A + (l-multc,(t)A)C^(i), 
A-{t) := A-(multc^(t)A)C^(t), 

where C^{t) := (p*{t)j.Q^. 

Lemma 3.2 Assume that {S, A+(t)) is not log canonical over t & B. Then one of the followings (a) 
or (b) holds. 

(a) ip is smooth overt G B and A^(t) = |_A~(t)J. A~(t) is smooth in the neighbourhood of C^{t) 

and A~(t) • C^{t) = 2p, where A~(t) • C^{t) denotes the intersection cycle. 

(b) There exists a sequence of S -elementary transformations overt G B such that for the resulting 

log surface {S, A), {S, A+((p; t)) is log canonical in the neighbourhood of the fibre over t & B. 

Proof. Assume that (-S", A+(i)) is not log canonical at po G C^{t). Prom 

^ m,{C^{t)-A-{t)) = 2 and m,,{C^{t)- A-{t)) > 1, 



we deduce that mp(C^(t); A~(t)) < 1 for any p 7^ Pq, that is, (S*, A+(t)) is purely log terminal at 
p e C^{t) if p 7^ Po- In particular, we see that LA~(t)J n C<^(t) = {po}- Let p : T — >• 5 be the 
<S-extraction at po and let E be the exceptional divisor for p. Put tp := Lp o p. Then we have 

2 = (A;(i),V'*(t)) > (A-(t)',C^(i)') + (A-(i)',£;) > (A'_,C^(t)') + 1, 

where A'_ and C<^(0' ^-re the strict transforms of A~(i) and C<^(t) respectively. Let Pq e T be 
as in the proof of Lemma 3.1. Suppose that p'^ G C^it)'. Since (A~(t)', C(^(t)')pj^ > 1, wc have 
(A-(t)', C^ity) = (A-(t)', E) = 1 and ^*{t) = C^{t)' + E. Noting that C^(t)' n E = {p^} and T is 
smooth at Po, we see that T is smooth in the neighbourhood of the fibre over t & B and that C^plt)' 
and E are (— l)-curves with (C^(t)', E) = 1, hence we are in the case (a). In the case that Pq ^ C^{t)' , 
by a 5-elementary transformation, we may assume that 5" is smooth at po and (C(^(i), L^^(OJ)po — 1 
at first. Moreover we may assume that (LA~(i)J, {A^(t)})po = after operating <S-elementary 
transformations. Thus we are in the case {h). ■ 

Lemma 3.3 Assume that (jS, A+(t)) is log canonical overt e B. Then one of the followings (I) or 
(II) holds. 

(I) deg[Diffc^(t)(A^(t))J = 1, then the dual graph o/Supp ii*ip*{t) U Supp //~-^A~(t) is one of the 
three types (I-l)^, (1-2)6 or (I-3)b as below, where /i : M ^ S is the minimal resolution of the 
singularities of S overt e B. 



1/2 

(0; {b - l)/b) 
1/2 



(1-2). 



(-2; ih - I) /2b) 
[-1- {b-l)/b) 

(-2; {h - 1) /2b) 



(1-3)6 
1 

'(-2; (26 - l)/26) 



1/2 

{h-l)/b) 

(-2; {h - i)/2h) 



(II) // deg|_Diffc^(j)(A^ (t))J = 2, then there exists a S- elementary transformation such that for 
the resulting log surface {S, A), the dual graph of Supp fi*(p*{t) U Supp ji~^A~{t) is one of the 
three types (Il-l)b, (11-2)6 or (II-3)6,fe {k > 1) as below, where ft : M ^ S is the minimal 
resolution of the singularities of S overt e B. 



(11-1)6 

1 (0; {b-l)/b) * ^ 



(n-2)t 



1 (0; {b - i)/b) 



»l/2 



(n-3)b,fe 

1 ^ (-2; jb - l)/b) 

'(-1; 




A; times 



/n t/ie above dual graphs, • denotes a germ of curves or a smooth rational curve which is not 
{resp., fi )-exceptional and o denotes a ji-, {resp., fi )-exceptional curve. The numbers attached 
on • are the multiplicities in , {resp., ). (*; *) denotes ( the self-intersection number; the 
multiplicities in A^, {resp., hJ^ ) ). b is a natural number or oo such that multc^(()A, {resp., 
multc,(t)A) 

Proof Since we have J2pGC^(t)mp{C^{t); '^^{t)) = 2, we have deg|_Diffc^(t)(A-(t))J = 1 or 2. Firstly 
assume that deg[Diffc^(t)(A~(i))J ~ 1. Since we have mp{C^{t); A~{t)) e S for any p e C^{t), there 
exists three points pi, p2 and pz G Cip{t) such that 

f 1 ifp=Po, 
mp(C^(t);A^(t)) = <^ 1/2 ifp=piorp2, 
[ otherwise 

and one of the following three case occurs. (1-1) S is smooth at pi and p2, (1-2) S has Du val 
singularities of type Ai at pi and p2 or (1-3) jS" is smooth at pi and has a Du val singularity of type 

Ai at p2. Assume that 5* is not smooth at po and let : M ^ 5* be the minimal resolution of 
{Pi\i = 0, 1,2}. Write /i*C^(t) = yu;iC^(t) + E|=i(l/2)^i + 'Z]=iljFj, where Z^- > for any j and 
{ii^j|l<i<s}, {Fj\l < j < n} are /^-exceptional divisors over pi {i = 1, 2) and po respectively. Say 
{Fi, iJ,~^C:p{t)) = 1, then we have 

0^{l,*C^{t),i,:'C^{t)) = (/,;iC^(i))2 + (l/2)s + Zi 

and li + (l/2)s = 1, since {lJ^-^^C^{t)Y — —1. We know that < Zi < 1, so we see that S must 
be smooth at po in the cases (1-1) or (1-2) and that we are in the cases (I-l) or (1-2) respectively. 

Assume that we are in the case (1-3). Let p : T ^ S he the iS-extraction at po and Fi be the 
p-exceptional divisor. Since we have p*C^{t) := p^^C^{t) + (l/2)Fi, wc sec that F^ = —2 and that 
T is smooth in the neighbourhood of Fi, hence we are in the case (1-3). Secondarily, assume that 
deg|_Diffc^(j)(A^(t))J — 2. Take two points po and pi G C^{t) such that 



m,{C^{ty,A-{t)) 



1 if p = Po or pi, 
otherwise. 



By operating a iS-elementary transformation at po G [A~(t)J, wc may assume that S is smooth at 
Po. If S is smooth at pi, then we see that we are in the cases (II-l) or (11-2). Assume S is not smooth 
at pi and let : M — > 5* be the minimal resolution of pi. Write p*C^{t) = fi^^C^{t) + J2j=if'jFj 
and p*Ks = Km + J2]=i o,jFj where aj > 0, Ij > for any j and {Fj\l < j < n} are /x-exceptional 



divisors over pi. Say {Fi, fj,^^C^{t)) = 1, then we have = {^*C^{t), ^~^C^{t)) = {fj,^^C^{t))'^ + /i, 
hence h = I and ai = 0. So we deduce that (5*, C^{t)) is not purely log terminal but 5* has a Du Val 
singularity at pi and (C^(t), A~(t))p^ = 0. So we are in the case (11-3)^^^. ■ 



Using the technique of iS-elementary transformations as above, wc can obtain partial generaliza- 
tion of Proposition 3.2 to the positive characteristic case. Wc note that Proposition 3.2 is proved by 
the covering trick and the Hodge theory both of which does not work well in the positive characteristic 
case. 



Proposition 3.1 Let (5', A) be a normal projective log surface with a standard boundary defined 
over an algebraically closed field k such that {S, A) is log canonical and Kg + A zs numerically 
trivial. Assume that there exists a proper surjective connected k-morphism tp : S ^ B onto a smooth 
projective curve B defined over k and that there exists an irreducible component of |_AJ which is not 
contained in a fibre of (p. Then we have 8{Ks + A) ~ or 12(^5 + A) ~ and in particular if 
char k ^ 2, we have 4:(Ks + A) ~ or 6(^5 + A) ~ 0, where D ~ for Q-divisor D means that D 
is integral and is linearly equivalent to 0. 

Proof. By contracting all the components of singular fibres of (p except one in each fibre and operating 
»S-elemcntary transformations, wc may assume that p{S/ B) = 1 and all of the fibres of p) are of type 
(a) as in Lemma 3.2 or of types {l-i)b or {ll-i)b (i = 1, 2 or 3) as in Lemma 3.3. Let F be an 
irreducible component of [AJ. Since rrip(r; A — T) E S and X]per"^p(r; A — F) = 2, the possible 
valuesofmp(F; A-F) areO, 1, 1/2, 2/3, 3/4 or 5/6. So we deduce that 4(/s:m + A^) or 6(/s:M + A*0is 
not integral if and only if (/? has a fibre of types (1-2)^ or (II-3)b {b = 4, 6). Assume that char k 2 
and that p has a fibre of type (1-2)4 or (11-3)4. Then there exists distinct three points po, pi and p2 
in F such that 

1/2 ifp = po, 
3/4 if p = pi or p2, 
otherwise 



mp(F;A-F) 



and the induced morphism (/? : F ~ — > S has degree 2 which is separable by the assumption and 
branches at {pj|0 < i < 2} but which is absurd by the Hurwitz's formula. Assume that (p has a fibre 
of type (1-2)6 or (11-3)6. Then there exists distinct three points po, pi and p2 in F such that 



mp(F;A-F) 




if p = Po, 
if p = pi, 
ifp = P2, 
otherwise 



and we can derive the absurdity as in the same way as above. Therefore, we only have to check 
that if r{KM + A'^) is an integral divisor on M for some r G AT, then wc have r{KM + A.^) ~ 
or (r - 1){Km + A^) ~ 0. Put D := r{KM + A^). If the genus of B is zero, then M is a 
rational surface, hence D ~ 0. Assume that the genus of B is positive. Then [A*^J contains an 
smooth eUiptic curve F and M is birationally elliptic ruled. Prom x{Om{D)) = xiPu) = 0, we have 
h%OM{D)) + h\OM{D)) = h\OM{D)). lih\OM{D)) ^ 0, then h^OuiKM-D)) ^ by the Serre 
duality and for an ample divisor H, we have < {Km — D, H) = {Km, H) = — (A^, H) < which is 
absurd. Thus we get h^{OM{D)) = and h%OM{D)) = h^{OM{D)). Assume that /?.2(Cm(£'-F)) ^ 
0. Then h\OM{KM - + F)) 7^ by the Serre duality again and {Km + T,H)> 0, hence A*^ = F 
and (r — 1){Km + A^) ~ 0. So we may assume that h^{OM{D — F)) = 0. By the assumption, there 
exists a surjection: H\Om{D)) H\Or{D)) ~ H\Or), hence h°{OM{D)) = h\OM{D)) > 0. 
Thus we get the assertion. ■ 



3.2 Case €^^^{3 \ A) = and [AJ ^ 

Let (5", A) be a projective log surface with a standard boundary defined over an algebraically closed 
field k. Assume that {S, A) is log terminal and Ks + A is numerically trivial. {S, A) can be roughly 
classified into the following three types. 

I : [AJ = 0, 

II : [AJ 7^ and [DifrLAj.^(A - [AJ)J = 0, 

III : [A\^0 and LDiffLAj.'(A - [AJ)] ^ 0, 

where i' denotes the normalization map : [AJ " [AJ . 

Definition 3.4 Log surfaces {S, A) with the above conditions are said to be of type 1, II and 111 
respectively. 

The classification of the log surfaces as above in the case that Ks + A is Cartier is well known. 
Lemma 3.4 Assume that Kg + A is Cartier, then one of the following hold. 

(1) S is either an abelian surface, a hyperelliptic surface or a normal surface with at worst Du Val 
singularities whose minimal resolution is a K3 surface and A = 0. 

(2) S is a rational or birationally elliptic ruled surface with Du Val singularities and A is either a 
smooth elliptic curve or a disjoint union of two smooth elliptic curves and the support of A is 
disjoint from the singular loci of S. 

(3) S is a rational surface with Du Val singularities and A is a connected cycle of smooth rational 
curves which is disjoint from the singular loci of S. 

Proof. By the definition and assumptions, the proof reduces to the well known results (see [38]). ■ 

In what follows we assume that char = 0. 

Lemma 3.5 Let {S, A) be a germ of log surfaces with a standard boundary and let {S, A) be the log 
canonical cover of {S, A) . // {S, A) is log terminal, then {S, A) is also log terminal. 

Proof. If the number of irreducible components of [AJ is less than 2, then {S, A) is purely log 
terminal, hence so is {S,A) (see [72], Corollary 2.2). If not, we get the assertion since the index of 
Ks + A is 1 in this case. ■ 

By the log abundance theorem for surfaces, there exists a global log canonical cover {S, A) of 
iS,A). 

Lemma 3.6 // (5*, A) is of type I ( resp., 11, resp., Ill ), then {S,A) is also of type I ( resp., 11, 
resp., Ill ). 

Proof. Firstly, we prove that {S, A) is log terminal. By Lemma 3.5, we only have to check that 
any irreducible components of [AJ does not have self-intersections. Assume that there exists an 
irreducible component F which has self-intersections. Let F be the image of F on S. Since we have 

Ks + 7r-^(F) = t:*{Ks + F + {A}), 

where tt is the covering morphism tt : S ^ S, (S", 7r~^(F)) is purely log terminal, hence so is {S, F), 
but which is absurd. Noting that A = 7r-^(A) and that [DifrL^j.(0)J = 7r-HDifrLAj-(A - [AJ)J, we 
get the assertion. ■ 

The following result is essentially due to S. Tsunoda. 



Proposition 3.2 (c.f. [78], Theorem 2.1) 



(1) // {S, A) IS of type II, then 4:{Ks + A) ~ or 6(^5 + A) ~ 0. 

(2) // {S, A) ts of type 111, then 2{Ks + A) - 0. 

Proof The argument in the proof of [78], Theorem 2.1 can also be apphed in the case in which S 
is rational. If S is not rational, we only have to apply the argument in the last part of the proof of 
Propositions.! ■ 

Let {S, A) be a projective log surface with a standard boundary defined over the complex number 
field C. Assume that {S, A) is log terminal and that Ks + A is numerically trivial. Let {S, A) be the 
log canonical cover. To classify log surfaces as above, we need some conditions for {S, A) especially 
in the case [AJ 7^ 0. In this section, we shall classify {S, A) with [AJ ^ under the condition that 
^orb( \ A) = which seems to be the most fundamental case. In general, applying the log minimal 
program for S with respect Ks + {A}, we get a birational morphism r : S ^ S'^ to a projective 
normal surface such that (1) Kg\, + {A**} is nef, where A^ := A, (2) —{Kgi, + {A^}) is ample and 
p{S^) = 1 or (3) there exists a projective surjective morphism (p^ : ^ B onto a smooth projective 
curve B with p(S^ / B) = 1 and —(Kg\, + {A^}) is relatively ample with respect to Assume that 
we are in the case (1). Then we have [A^'J = and Ks + A = t*(Ks^ + {A^}). On the other hand, 
we have Ks + {A} — T*{Ksb + {A^}) > by our construction. Thus we see that the condition (1) is 
equivalent to [AJ — 0. The following is the key lemma for our purpose. 

Lemma 3.7 Assume that £^^.^{3 \ A) = 0. Then Exc r C [AJ . 

Proof. We may assume that [AJ 7^ 0. Let : S* — S''' be a birational extremal contraction with 
respect to Ks + {A}. Let E denote the exceptional divisor for and put A'' := t'^A. Assume that 
Ks + A is Cartier firstly. By [39], Theorem 0.1, we see that is a (— l)-curve and that A) = 1. 
Moreover, there exists a point p E E such that E fl Sing 5* = or {p} and E contracts to a smooth 
point of 5'''. Therefore, if E is not contained in Supp A, we have 

e^^^iS \ A) - e^^^iS^ \ A^) = p{S) - p{S^) - (1 ^ 



Op{S) Op{S) 

On the other hand, we have eQj.jj^(S'\ A) = and €^^1^(5''' \ A'') > 0, which is absurd. If Ks + A is not 
Cartier, we take log canonical covers {S, A) and {S\ A^) of {S, A) and {S\ A^) respectively such that 
there exists a birational morphism f'' : 5* — 5''' induced by tK Let n denote the covering morphism 
S ^ S. Since we have {Kg,7i*E) = deg7i{Ks + {A},E) < 0, we see that Tr~^E c Supp A = 
Supp n'^ [AJ by the previous argument, hence we conclude that E C [AJ . ■ 



3.2.1 Case Type II 

Let {S, A) be a projective log surface with a standard boundary and assume that there exists a 

structure of a conic fibration ip : S ^ B with p{S/B) = 1, where S is a smooth projective connected 
curve such that if has only fibres of types listed in Lemma 3.3. We denote the number of fibres of 
type T by if it is finite. 

Lemma 3.8 Assume that {S, A) is of type II and that ^Qj-^fiS \ A) = 0. Then the followings holds. 

(1) There exists a projective surjective morphism (p : S ^ B onto a smooth projective curve B with 
p{S/B) = I, 



(2) {S,A^{t)) is log canonical for any t & B and 



(3) Supp LDiffc,(t)(A-(i))J C LA-(i)J for any t e B. 

Proof. Firstly, assume that Ks + A is Cartier. If (1) does not hold, 5" is a rank one Gorenstein log 
del Pezzo surface by Lemma 3.7. Therefore we have = ^^h^S \ A) = €^^^{3) = 3 — ^p^s{^ ~ 
{1 / Op{S))} , which contradicts the Table IV. Hence (1) holds under the assumption that Ks + A is 
Cartier. Assume that h^{Os) = 1- Then we have = eQ^]^(S'\ A) = — Yl,pes{^ ~ (V^p('S'))}i hence (p 
gives a structure of relatively minimal elliptic ruled surface on S. Noting that the induced morphism 
(/? : A — > S is etale, we see that (2) and (3) hold. If h}{Os) = 0, we have 



E E (i-45r) = -((i-2),) + E^-((n-3),,). 

teBpeC{t) '^pW^ fe>i ^'^ 



We note here that we do not have to operate any 5-elementary transformation by examining the 
proof of Lemma 3.3. By the Hurwitz's formula we have u{(l-2)-^^) + J2k>i ^) < 4, hence we 

deduce that i/((I-2)-^) = 4 and ^{{11-3)^^) = {k > 1). Thus we get the assertion (2) and (3) under 
the assumption that Ks + A is Cartier. We note that A^ = Kg = in each of the above cases. 
Assume that Ks + A is not necessarily Cartier and that there exists a birational extremal contraction 
r'' : — > 5''' with respect to Ks + {A} and let E be as in Lemma 3.7. Then by the assumption and 
Lemma 3.7, we have (7^5 + A, ^) = {Ks + {A}, E)+ + {[A\ - E, E) < 0, since {Ks + {A},E) < 0, 
E^ < and ([AJ - E,E) = 0, but which is absurd. Thus if (1) does not hold, -{Ks + {A}) is 
ample and p{S) = 1, which implies that A = 7r*[AJ is ample. Thus we get the absurdity. By taking 
the Stein factorization, there exists a finite morphism w . B ^ B from a smooth projective curve 
B and a proper surjective connected morphism (p : S B such that ip o -k = w o (p. Since we have 
Ks + Y.Mi)=t A+(^; i) = n*{Ks + A+(t)) and we know that {S, Evj(i)=t A+(^; i) ) is log canonical, we 
conclude that (2) holds. As for (3), we get the assertion by the following diagram: 

Supp Yl Diffc(0;t)(A-(<^;i)) = Supp7r-HDifrc,(t)(A-(i))J 

ro(t)=t 

n n 

E A-{^-i) = vr-HA-(t)J. 
ro(t)=t 

■ 

Let {S, A) be a projective log surface with a standard boundary and assume that there exists a 
structure of a conic fibration p) : S ^ B with p{S/B) = 1, where i? is a smooth projective connected 
curve such that (p has only fibres of types listed in Lemma 3.3. If ip has fibres of type Ti, . . ., % and 
generically of type T, then we shall write Typ(S', A; (p) = {Ti + ■ ■ ■ + %;T). 

Proposition 3.3 Type II log surfaces {S, A) with ^qj;\){S \ A) = are classified into the following 

22 types modulo S -elementary transformations. 

(a) S ^ Pe{£), where £ is a rank two vector bundle on an elliptic curve E and A = F (a-1), 
Fi + Fa (a-2), F + (1/2)5 (a-3) or F + (l/2)5i + (1/2)S2 (a-4), where T, Ti, E and Ej are 
smooth elliptic curves which are disjoint from each other. 



{b) S^P^ xP^ and 



a = f+e(i/2)Sm+ ^ri^^L" 



E|=i(l/2)S2„ 



or 



(l/2)S2,i + E,t2(3/4)S2,, 
(l/2)S2,i + (2/3)S2,2 + (5/6)S2,3, 



where T and Si j are fibres of the first projection for any i and is a fibre of the second 
projection for any j . 

(c) There exists a sequence of S -elementary transformations such that for the resulting log surface 
{S,A), S^P^ xP^ and 



f E5=i(l/2)H„ 
E|=i(2/3)S,-, 
(l/2)Si + E?=2(3/4)S, 
[ (l/2)Hi + (2/3)52 +(5/6)S3, 



or 



where f ^ is a fibre of the first projection for any i and Ej is a fibre of the second projection for 
any j. 

(d) There exists a structure of P^-fibration (p : S ^ P^ with p{S/P^) = 1 such that one of the 
followings m Table II holds. 



Table II 





A 


Typ(5,A;^) 


(d-l) 


r 


(4(I-2)i; (II-l)i) 


{d-2) 


r + (i/2)s. 


(4(I-3)i; (I-l)i) 


{d-3) 


r + (1/2)S;, + (l/2)S,,i + (1/2)S,,2 


(2(1-1)2 + 2(1-3)1; (1-1)0 


(d-4) 


r + (l/2)S^ + (l/2)S„,i + (3/4)S,,2 


((1-1)4 + (1-3)2 + (I-3)i;(I-l)i) 




r + (i/2)s, + Eti(V2)s.,, 


(2(1-3)2 + (1-1)2; (I-l)i) 


(d-6) 


r + (1/2)5^ + (2/3)5„,i + (2/3)5,,2 


((1-1)3 +(I-3)i + (1-3)3; (I-l)i) 



r in {d-l) and Eh in {d-2) denote a smooth elliptic curve with = S| = 0. T in {d-2), {d-3), 
{d-4), {d-5) and {d-6). Eh in {d-3), {d-4), {d-5) and {d-6) denote smooth rational curves with 
= = which are horizontal with respect to (p. Eyj in {d-3), {d-A), {d-5) and {d-6) denote 
smooth rational curves which are vertical with respect to (p for any j. 

(e) There exists a structure of P^-fibration (p : S ^ P^ with p{S/P^) — 1 and there exists a 
sequence of S -elementary transformations such that for the resulting log surface {S,A), one of 
the followings in Table III holds. 



Ta 


bic III 




A 


Tvi)(5'.A:^0 


(e-1) 


r + ELi(V2)H, 


(2(1-2)2 + (11-1)2: (II-l)i) 


(e-2) 


r + E?=i(im 


(2(1-2)1 + 2(11-1)2; (II-l)i) 


(e-3) 


f + ELl(2m 


((I-2)i + (1-2)3 + (11-1)3; (II-l)i) 


(e-4) 


^+(l/2)Sl+(3/4) 


^2 


((i-2)i + (1-2)2 + (11-1)4; (n-i)i) 



f denote a smooth rational curve with (f , 0*{t)) = 2 fort € P^ andE^ denote a smooth rational 
curve which are vertical with respect to ip for any i. 

Proof. Let Fi be an irreducible component of [AJ. Then we have 2(?(Fi) — 2 + deg Diffrj (A — Fi) = 
0, where 5'(Fi) denote the genus of Fi. (1) Assume that g{Ti) = 1. Then degDiffri(A — Fi) = 
and (p has only fibres of types (I-l)i, (I-2)i or (II-l)i by Lemma 3.3 and Lemma 3.8. (1-1) Assume 
that g{B) — 1. Since the induced morphism Fi — > 5 is etale, type (I-2)i fibre does not exist, hence 



we are in the case (a). (1-2) Assume that g{B) = 0. Applying the Hurwitz's formula to the induced 
double covering Fi — >■ B, we obtain z/((I-2)i) = 4, hence we are in the case (d-l). (2) Assume that 
g{Ti) ~ 0. Then we have Y^p^Vi ^p^Xi'i ^ ~ Ti) = 2. (2-1) Assume that Fi is a section of </?. Then 
has only fibres of types (1-1)6, (1-3)6 or (11-1)6- (2-1-1) Assume that Fi = [AJ. Then (/? has only 
fibres of types (1-1)6 or (1-3)6 and we have E6>i{(& - li>}v{{l-l)b) + E6'>i{(2&' - I) /2h'}v{{l-2,)i^). 
Let S/j be the sum of all the horizontal components of Supp{A}. If S/i is reducible, then ip has only 
fibres of type (1-1)6, hence we are in one of the cases (6). Assume that S/j is irreducible. Then we 
have e^Qp(S/i) = 4 — E6'>i ^((1-3)6') by the Hurwitz's formula. On the other hand, since we have 
-f^5 + ri + S/i-|-{A}^ ~Q (l/2)5/j, where {A}^ denotes the vertical part of {A}, we have e^Qp(H/i) = 

degDifrs,({A},) - (1/2)S^ = 2E6>i{(& - l)/h}v{{l-l),) + E6'>i{(fe' - l)/n^((I-3);.') - (1/2)S^, 
hence S| = 0. Since e^Qp(S/i) < 2 and e^Qp(S/i) e 2Z, we have E6'>i ^((1-3)6') = 2 or 4. If 
E6'>i ^^((1-3)6') = 4, then we have e^Qp(S/i) = and z/((I-3)i) = 4, hence we are in the case {d-2). 
Assume that E6'>i '^((I"3)6') = 2. Then we have e^Qp(S/i) = 2 and we see that we are in the cases 
((i-3), ((i-4), id-b) and {d-Q). (2-1-2) Assume that [AJ is decomposed into two sections Fi and 
F2. Then </? has only fibres of type (11-1)6 after <S-elementary transformations, hence we are in the 
cases (c). (2-2) Assume that (Fi,(/7*(i)) = 2 for i e P^. Then p has only fibres of types (1-2)^ or 
(11-1)6 after 5-elementary transformations. We note that E6>i{(^ ~ l)/^}'^((I-2)6) -|- 2E6'>i{(^' ~ 
l)/6'}z/((II-l)6') = 2. By the Hurwitz's formula, we have E6>i ^((1-2)6) — 2. Thus we see that we 
are in the cases (e-1), (e-2), (e-3) and (e-4). ■ 

We prove the lemma needed later which was taught to the author by Prof. A. Fujiki. 

Lemma 3.9 Let X he a complex manifold and let G he a finite suhgroup of the holomorphic auto- 
morphism group Aut X. Let U : U ^ X he the universal cover of X. Then there exists a discrete 
suhgroup G of Aut U which acts onU properly dis continuously such thatU/G ~ X/G 

Proof. Let AutnW be the subgroup of Aut U which consists of all the elements 7 G Aut U such that 
there exists an element 7 G Aut X which satisfies 7 o H = H o 7. Then there exists the following 
exact sequence of groups: 1 — > 7ri(A^) — ^ AutnW — > Aut X — > 1. Let G be the inverse image of 
G by the third map in the above exact sequence. We note that (7 is a discrete subgroup of AutnW 
and that we have the following exact sequence: 1 — 7ri(X) — > G — > G — > 1. Therefore, we see 
that G acts on U properly discontinuously and that U/G {14 / 7ri{X)) / G ~ X/G. ■ 

Let (X, D) be a normal log variety with reduced boundary D. Assume that a finite group G acts 
on X faithfully preserving D. Let f : X ^ X/G he the quotient morphism and assume that any 
component of D is not contained in the ramification divisor of /. For a prime divisor F on X/ G, 
take a prime divisor F on X contained in /^^(F) and let Gp denote the subgroup of G consisting 
of all the element of G which acts on F trivially. The order \Gf^\ of Gp, which is nothing but the 
ramification index of / at F, does not depend on the choice of F. Put er := |Gf |. We define the 
Q-boundary Dq on X/ G as follows. 

Dg:^d/g+ y: 

r-prime 

where the summation is taken over all the prime divisors F on X/G. We note that by the definition, 
we have Kx + D ^ f*{Kx/G + Dq) if Kx/g + Dq is Q-Cartier. 



Here is a corollary of Proposition 3.3. 



Corollary 3.1 Let {S, A) be a type II log surface with e^j.^{S\A) = 0. Then there exists a relatively 
minimal elliptic ruled surface n : P ^ E over an elliptic curve E which admits a n-equivariant action 
of a finite abelian group G with \G\ = /Ind(i^rs' + A), where I — 1, 2 or A and there exists a G-invariant 
reduced divisor D on P which is a smooth elliptic curve or a disjoint union of two smooth elliptic 
curves such that (S.A) ~ (P/G, Dq)- In particular, {S,A) is uniformizable to C x in the sense 
of R. Kobayashi, S. Nakamura and F. Sakai {see [33], [34]). 

Proof. We only have to consider the case where B c:^ P^. We define a Q-divisor 5 on S as 

^ := 'Et&B{{nT'tbt - l)/mtbt}t, where := mu.ltc^(t)<f*{t) and bt := (1 - multc^(t) A)"^ for t e B. 
Then by checking the list in Propositions. 3, we see that deg6 = 2. Put r := lnd{KB + S). We 
can also check that r = lnd{Ks + A). Let C{x) d K := C{x,y) be the field extension induced by 
(p. We define a finite Galois field extension K G L a.s follows. Take a rational function a{x) on B 



such that div a{x) = r{KB + 6). If Eh = 0, wc put L := K{-^a{x)). If Eh ^ 0. Let Eh^^ be the 
restriction of Eh to the generic fibre ~ P^iCix)) of 93. Then the defining equation of S/j^^ can 
be written as = Let Eh^f, be the pull back of S/j^^ on P^{C{x, yj(3{x))). By substituting 



y for y' = {y — J (3{x))/{y + J(3{x)), we may assume that Eh,fj corresponds to y = 0, 00. We put 



L :— K{ya{x), sj (3{x)., We note that L is a Kummer extension of K by the construction. Let 
/ : P — > be the normalization of S in L. We show that P is a desired relatively minimal elliptic 
ruled surface. Let /i : Pi — > 5" be the normahzation of -S" in K{'^a{x)) and </7i : Pi — > Pi be the 
induced morphism from (/? by taking the Stein factorization. By our construction, Pi is nothing but 
the log canonical cover of {B,6), hence Pi is an elliptic curve. Since locally on S, we can write 
div ip*a{x) = {r{bt — l)/6t}C<^(t), fiC^it) is Cartier, hence (fi is smooth and the ramification index 
at the generic point of prime divisors in fi^{C^{t)) is bf. Thus in the case where Eh — 0, we get 
the assertion. Assume that Eh 7^ 0. Then we see that /f "^(S^) is smooth and e^op(/r^("/»)) ~ ^ 
from Kp, + fr\r) + {l/2)fr\Eh) = f^{Ks + A) ~g and {fr'i^h))' = 0. Let /2 : P2 ^ Pi 
be the normalization of Pi in K{'l^a{x), (5{x)) and (p2 '■ P2 ^ B2 be the induced morphism from 

(pi. If K{'il^a{x), (5{x)) 7^ K{'\Ja{x)), then fi^{Eh) is an elliptic curve and P2 ~ fi^{Eh) by the 
construction. Therefore, P2 is also a relatively minimal elliptic ruled surface and f2^fi^iEh) is a 
disjoint union of two sections over which /a : P — * P2 ramifies with the index two, where /a is the 
normalization map of P2 in L. Thus we conclude that P is a relatively minimal elliptic ruled surface 
with a section /"^([AJ). The last assertion follows from Lemma 3.9. ■ 



3.2.2 Case Type III 

Lemma 3.10 (c.f. [3], [7] and [34], §5. Appendix) Let (5, A;p) be a germ of normal log sur- 
face with Q-boundary A at p such that [A\ = 0. Assume that {S, A) is purely log terminal and 
mdp{Ks + A) — 2. Then there exists a resolution f : T ^ S such that f~^{p) U Supp /~^A has only 
normal crossing singularities whose dual graph is one of the following types. 

(1) Case p & S smooth. 

A/2 A2k+i/2-a ik>0) . 



^2fe+2/2-/3 (A; > 0) 



-2 



-3 

— o 



k times 



D2k+5/2-a (k > 0) 

-2 -2 

~- V " 

k times 



-1 




(2) Case p E S singular. 

Ai/2-7 A2k+3/2-5 {k > 0) 



-4 

o 



-3 -2 -2 -3 

^ V ' 

k times 



^2ik+2/2-e (A; > 0) ^2fc+i/2-C (A: > 1) 

-2 -2 -3 -2 -2 



-o 



k times ^ times 





In the above dual graphs • denotes the strict transform of Supp {A} hy f and o denotes an 
f -exceptional rational curve. The number attached on o is its self-intersection number. 

Proof. We give a proof for the convenience of the readers. In the case where S is smooth at p, 
the proof reduces to the well know fact about the resolution of plane curves, so we omit the proof 
in this case. Assume that S is singular at p and let ;U : M ^ S* be the minimal resolution of p E S. 
Put S := Supp A and S' := Let p^^{p) = ul^-^^Ei be the irreducible decomposition. Then we 

can write Km + (1/2)S' + I]'=i "^i-^* = + A), where = or 1/2 for any i by the assumption. 

Since we have {Km + (1/2)S' + ELi (^i^i, Ej) = 0, we have (S' + Ei^^- '^aiEi, Ej) = 4 + 2(1 - aj)El 
for any j. Assume that ai^ = for some iq, say for io = 1. Then we see that (S' + Ei^i '^o-iEi, i^i) = 
since El < —2, which implies that ^^^{p) = Ua— o-^ U Ua.=i/2-Ei. Since li~^{p) is connected, we infer 
that aj = and {E',Ei) = for any i, hence indp(i^r5 + A) = 1, which is absurd. Thus we obtain 
Qi — 1/2 for any i and (S' + J2ij^j Ei, Ej) = 4 + Ej for any j, which imphes that Ef — —2, —3 
or —4 for any i. Assume that there exists E^^, say Ei, such that Ef — —4. Then since we have 
(S' + Ei, El) — 0, we see that = Ei and (S', Ei) = 0, which implies that we are in the 

case Ai/2-7. Thus we may assume that Ef = —2, —3. We note that we have (S' + J2i^j Ei, Ej) = 1 
if Ej = —3 and 2 if £"? = —2. Assume that there exists Ei^, say Ei, such that Ef = —3. Then it is 
easily seen that we are in the cases 742^+3/ 2-5 {k > 0) or y42fe+2/2-e {k > 0). Thus we may assume 
that Ef — —2 for any i. Assume that (S', = 1 for some io. Then by the inductive argument, 
we see that we are in the cases A2k+i/'2-C {k > 2). Assume that = 2 for some io. Then we 

have = since Ei, Ei^) = 0, from which we deduce that we are in the cases A3/2-C, 

/^4/2-7, D2k+5/2-5 {k > 0) and D2k+6/2-e (fc > 0). ■ 

Definition 3.5 A normal complex projective surface S is called a rank one log del Pezzo surface if 
S has at worst quotient singularities, —Ks is ample and the Picard number one and moreover, if S 
is Gorcnstein, S is called a rank one Gorenstein log del Pezzo surface. 

Singular rank one Gorcnstein log del Pezzo surfaces arc classified into the following 27 types listed 
as follows (see [20], [45]). We need the list below to study type III log surfaces. 



Table IV 







Sing S 








Sing S 




(1) 


8 


Ai 


5/2 


(15) 


1 


Jl/a 




241/120 


(2) 


(3 


Ai + -4i 


11/(3 


(16) 


1 


£7 + Ai 


73/48 


(3) 


5 


Ai 


11/5 


(17) 


1 


E-j + A2 


65/48 


(4) 


4 


D5 


25/12 


(18) 


1 


^8 




19/9 


(5) 


4 


A3 + 2Ai 


5/4 


(19) 


1 


Aj + Ai 


13/8 


(6) 


3 




49/24 


(20) 


1 




1 


(7) 


3 


A + Ai 


5/3 


(21) 


1 




49/24 


(8) 


3 


3^2 


1 


(22) 


1 


-De + 2Ai 


17/16 


(9) 


2 


E7 


97/48 


(23) 


1 


+ A3 


4/3 


(10) 


2 


De + Ai 


25/16 


(24) 


1 


2Di 


5/4 


(11) 


2 


Aj 


17/8 


(25) 


1 


4A2 


1/3 


(12) 


2 


D^ + A^ 


11/8 


(26) 


1 


2A3 + 2Ai 


1/2 


(13) 


2 


A5 + A2 


3/2 


(27) 


1 


2A4 


7/5 


(14) 


2 


2>l3 + Ai 


1 





Proposition 3.4 Let (S, A) be of type III. Assume that Ks + ^ is Cartier and that eQ^|^(S'\A) = 0. 
Then there exists a hirational morphismr : S ^ S'^ which is composed of contractions of {—1)- curves 
with Exc T C A to a normal projective surface and {S'', A'') satisfies one of the fallowings. 

(a) ~ Erf, where is a Hirzebruch surface and = J2i=i ^\ where T\ and T2 (^f^ ^'^0 disjoint 
sections, T\ and V\ are two fibres. 

(h) is a rank one Gorenstein log del Pezzo surface with Sing S'" = 3A2, 741 + 2^43, or A1+A2+A5 
and A^ is a rational curve with only one node as its singularities. 

(c) has a structure of a conic fibration if'" : S'" ^ with p{S^/P^) = 1 and Typ(5''', A**; if'") = 
(2(I-2)i + (II-l)oo; (II-l)i)- A^ = + where T\ is a smooth rational curve such that 
{T\, (p^*{t)) = 2 forte and that {T\Y = and is a fibre of ipK 

Proof. As we have already seen in Lemma 3.7, by applying the log minimal program on S with 
respect to Ks, we get a birational morphism r : S ^ S'^ with Exc r C A to a normal projective 
surface S'" (1) which is a rank one Gorenstein log del Pezzo surface or (2) which admits a structure of 
conic fibration ip^ : ^ P^ with piS^/P^) = 1. Assume that we are in the case (1). Since we have 
e^^^{S^) = etop(A^) e N, we see that ~ P^ and etop(A^) = 3 or Sing = 3^2, + 2^3, or 
^1+^2+^15 and etop(A^) = 1 by Table IV. Thus we are in the cases (a) and (6). Assume that we are 
in the case (2). By the assumption, we have 4 = etop(A^)+i/((I-2)i)+Efc>i{(4A;-l)/(4A;)}i/((II-3)i,jfc). 
where z/((I-2)i) and z/((II-3)i^fc) denote the number of fibres of type (I-2)i and (II-3)i^fc respectively. 
Assume that A^ contains an irreducible component Fq with (Fq, ip^*{t)) = 2 for t G P^. Since A^ — Fq 
is composed of fibres of (p^, we can write A^ = Fq + F^^ where F^ is a fibre of ip^ and we see that 
etop(A^) = 2 and that z/((I-2)i) + Efc>i{(4A; - l)/(4A;)}z/((II-3)i,fc) = 2. On the other hand, since ip^ 
induces a double cover : F^ ~ ^ P\ we have i/((I-2)i) + Efe>i ^^((11-3)1,^) < 2 by the Hurwitz's 
formula. So we have u{{l-2)i) — 2 and z/((II-3)i^fc) = for any k, hence we are in the case (c). Assume 
that there exist two sections of ip^, T\ and F2. Then we see that iy{{l-2)i) — i/((II-3)i^jt) — for any 
k and that (p' : ^ P^ is smooth and e^Qp(A'') = 4. Thus we are in the case (a). ■ 

Let {S, A) be of type III and assume that Ks + A is not Cartier and let |_AJ = Xli=o be the 
irreducible decomposition. Then 6 > 1 and Fj's form a linear chain of smooth rational curves, that 



is, (Fj, Tj) = 0, if |i — j| > 1, 1, if |i — j| = 1 and {p G [AJ | indp{Ks + A) = 2}, namely the set of 
points p e [AJ at which Ks + A is not Cartier consists of four points Pj (1 < i < 4), where Pi G Fq 
for i — 1, 2 and Pi G Ff, for i = 3, 4 by [58], Lemma 3.2 (1). Comparing the Euler numbers, we have 

etop(A) = 2etop(LAJ)-4. (3.3) 

Let (5^, A^) be a log surface obtained from (S, A) by applying log minimal program with respect to 
Ks + {A}. Write A^ = F^ + (1/2)S\ where F^ := [A^J and := 2{A^}. Put d := {-Ks^f. We 
note that we have 

etop(5^'^)=degDiffs..(F^)-i(Sy (3.4) 

from Kg^ + F^ + (1/2)S^ ~q 0. Let //^ : ^ S'' be the minimal resolution of 5"^ and put 

5K^ := - Kl^,, Sp := p(M^) - p(5''). Then we have 

K% = + SK^ = 10 - p(M^) + (5X2 ^ 10 - p{S^) -5p + 5K\ 
On the other hand, we have 

X|. = (F^ + is^)2 = ^ + (F\S^) + l(Sy, 

hence 

SK'-6p=^ + (F^ S^) + l(Sy + p(5^) - 10. (3.5) 

If wc have ^(5*^) = 1, for any divisor D on S^, there exists a E Q such that D is numerically equivalent 
to aV^. Noting that = a\T^)^ = {l/2)da^ by (F^)^ = (1/2)(A^)2 = (l/2)(-i^^0^ = d/2 and that 
{T\D) = a{T^f = (l/2)da, we deduce that 

D'' ^{2/d){r\Df. (3.6) 

Assume that e^^j.^{S \ A) = 0. Then from Lemma 3.7, we have 

p{S) - p{S') = etop(LAJ) - etop(LA^J). (3.7) 

Let LC {S'^,A^) be the set which consists of all point p E such that (5^, A^) is not log terminal 
at p. We see that LC(5^ A^) consists of at most two points and for p G LC(5^ A^), F^ and 
are smooth at p and (F\ S^)p = 2. Let : ^ be the log canonical cover of (,S^ A^). Put 
A'' := 7r''~^A'' and s :— Card LC(5''', A^). Comparing the Euler numbers again, we have 

etop(A^) = 2etop(LA^J)-4 + s. (3.8) 

If 'md{Kgb + A**) = 1 for p E S'^ \ [A**] , then p ^ and has at worst Du Val singularity at p. In 
this situation, we shall say that (5*^ A^) has singularity of type A„ at p, if S*^ has Du Val singularity 
of type An at p for instance. Let ip : U B he a. complex elliptic surface over a smooth complete 
curve B with a section such that U is minimal over B. We shall write 

Typ([/; ^|^) ^ Yl ^i^k)h + E + ^(I^)" + ^^(n*)!!* + i/(III)III + i/(Iir)Iir 

fe>l l>0 

+i/(IV)IV+i/(IV*)IV*, 

where i'{T) denotes the number of singular fibres of type T in the Kodaira's notation ([35]). It turns 
out that the following lemma works better than the fixed point formula in our cases. 



Lemma 3.11 Let G denote a finite subgroup of k- automorphism group of normal variety X defined 
over an algebraically closed field k and let f : X ^ X/ G be the quotient morphism. Assume that 
X/G is Q-factorial. Then f induces the isomorphism Pic {X/G) ® Q ':::=l (Pic X ® Q)'^ ■ 

Proof. The injectivity is trivial. As for the surjcctivity, we only have to note that f* f^^D = J2geG9*-D 
for any Q-divisor D on X, where f^D denotes the pushforward of D by / as a cycle. ■ 

Assume that 7^ and that there exists a birational morphism rj : W ^ S'^ from a normal 
surface W with > such that ri~^E^ is nef and {r]~^E^y = 0. By applying the log abundance 
theorem (see [18] or [14], Theorem 11.1.3) to Kw + + eE^ ~q sS'' for sufficiently small positive 

rational number e, we obtain a proper surjective connected morphism ip : W ^ P^. In what follows, 
we shall frequently use this technique. In Propositions 3.5, 3.6, 3.7, 3.8 and 3.9, a log surface {S, A) 
is assumed to be of type III such that Ks + A is not Cartier and €^^^{3 \ A) = 0. 

Proposition 3.5 Assume that S is smooth. Then there exists a birational morphism t : S ^ S'' 
with Exc T C [AJ such that there exists a conic fibration cp^ : ^ P^ with p{S^/P^) = 1 and 

that (5*^ A^) is log terminal, where := r*A. Moreover, there exists a sequence of S- elementary 
transformation such that for the resulting log surface (5*^, A^), S*^ ^ P^ x P^ with cp^ being the second 
projection and /Y = Yh=o + (1/2) X]j=i 2^-, where T\ is a fibre of the first projection for i = 1, 2 
and Tq, S^- are fibres of the second projection for j = 1, 2. 

Proof. Prom the exact sequence: — > Q| — > Q~(logA) — > 0^^,u — > 0, we have the following exact 
sequence: 

H%nl{\ogA)) H%0^,.) ^ Pic 5 ® C ^ 0, 

since Pic S^Q is generated by all the irreducible components of A. By taking the invariant subspaces 
under the induced action of G := Gal{S/S), we get the the following exact sequence: 

^ H%nl{\ogA)f //"(OlajO ^ Pic -5 (g) C ^ 0, 

where {Q^^{log A))'^ is the invariant subspace under the G-action. Since S\A is a two dimensional 
algebraic torus, we see that /i°(r2|(log A)) = 2 and that the natural morphism A^ -f^°(^|(log A)) — > 
H^{Og{Kg + A)) is an isomorphism. Since the eigenvalue of the induced action of a generator of G 
on H°{Os{Ks + A)) is -1, //°(Q|(log A))^ is one dimensional. Thus we get p{S) = etop(L^J) - 2. 
Firstly, we show that there exists a P^-fibration ip : S ^ P^. Assume that p{S^) — 1. From (3.7), 
we get etop(L^^J) = 3 which implies etop(A^) = 2 + s by (3.8), hence p{S^) = etop(A^) - 2 = s. 
We note that S'' 7^ since s > 0. By Noether's equality, we have A'?^ = 10 — s. Since S*^ has only 
Du Val singularities of type Ai, we have SK'^ = 0. Combining this with 5p = A — (P^, S^), we obtain 
{E^f -2s = from (3.5). Let t : S^' ^ be the extraction of all the divisors over LC(5^ A^) 
whose log discrepancy with respect to {S^, A^) are 0. Noting that (<.~^S^)^ = (S'')^ — 2s = by our 
construction and that E!' is irreducible by our assumption that p{S^) — 1 and S'' is smooth, some 
multiple of i~^'E}' defines a P^-fibration (p^' : S'"' — > P^. Since r factors into lot', where t' : S ^ S^' is 
a birational morphism, we conclude that there exists a P^-fibration cp : S P^ and we may assume 
that 5*^ has a structure of conic fibration ip^ : S'' ^ P^ with p[S^ / P"^) = 1. Under this assumption, 
we have etop(LA^J) = 4, etop(A^) = 4 + s, piS') = 2 + s, K^^S-s, {T')' = 4 - {l/2)s and 
(S'')2 = 2s in the same way as above. Let P'' — Y.'^-q T\ be the irreducible decomposition and assume 
that Pq is horizontal with respect to ^p". We may assume that P^^ is contained in a fibre of (p^ since 
{T\ip*{t)) < 2 for t G P\ Firstly, assume that (P^,(^*(t)) = 2 for t G P\ Then P^^, P^ and 
are contained in fibres of (p^. Noting that (Pq.P^) = 1 for i = 1, 2, we have (Pq.S'') = 0. Thus 
we conclude that = and that s = 0, hence (P^)^ = 0. Since {-Ks^,C) = (P^ C) > for 



any irreducible curve C on , we see that NEx^^(S'^) = and that NE(S'^) is spanned by exactly 
two extremal rays with respect to Kg\, one of which corresponds to Lp^ . Let if}' be the extremal 
contraction of the other extremal ray. If is birational, then, by Lemma 3.7, Exc C F", which is 
absurd. Thus defines another conic fibration (p^ with p{S^ / P^) = 1 such that T\ and T\ is 

horizontal with respect to Thus we may assume that Fq is a section of Lp at first. Assume that 
F2 is contained in a fibre of v?^ Then we have (F^)^ = -(l/2)s. Since (Fq)^ G Z, we have s = or 
2. We may assume that s = for if we assume that s = 2, then we have (Fq)^ = — 1 and we can use 
the argument in the case p{S^) = 1. Under the assumption that s = 0, there exists another another 
conic fibration (p" P^ with p{S^ / P^) ~ 1 such that F^ and F2 is horizontal with respect to 0^, by 
the same argument as above. Thus we may assume that Fq and F2 are sections of at first. Then 
we have (S^ </?^*(i)) = for i e and s = 0. Since we have p{§') = 2, AjJ(i)) is log canonical 

for any t e P^ and Supp [DiSc^^(t){A^^{t))\ C [A^7(i)J for any t e P^ by the argument in the 

proof of Lemma 3.8. Therefore, possibly after iS-elementary transformations, cp" has only fibres of 
type (n-l)ft as in Lemma 3.3. Thus we get the assertion. ■ 

Assume that S is not smooth. By Proposition 3.4, we see that p{S) = e^Qp(A) and all the 
irreducible components of A give a complete basis of Pic (8) Q, hence we get 

P('5) = etop(A)/2 + l = etop(LAJ)-l. 

by Lemma 3.11. Combining this with (3.7), we obtain etop(LA^J) = l + p{S^). From (3.8), we have 
p(S^) = etop(A^) = 2p{S^) - 2 + s. Let jj}' : ^ be the minimal resolution of and put 
5p := p(M^) - p{S^). Then by Noether's equality, we have 

d = Kl, = 10-piM^) 
= 10-2p{S'')-s-6p 
' 8, 

= -2p{s^)-sA ;:r!rr:o. (3-9) 
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Proposition 3.6 Assume that Sing S = 3A2. Then one of the foUowings holds. 

(1) 5"^ ~ and A** = F** + (1/2)S'', where is an irreducible quartic curve with three cusps and 

is a double tangent. 

(2) is a rank one Gorenstein log del Pezzo surface with Sing — Ai -\- A2 and there exists 
a birational morphism X : U ^ from a smooth projective surface U such that U admits 
a structure of elliptic surface with a section ip : U ^ P^ which is minimal over P^ with 
Typ{U;ij) = i;; + II + l3 and that ^ = {l/2)ip*{t + u) where ip*{t) andi)*{u) are the singular 
fibres of type V{ and II respectively. 

Proof. The possible singular types of (S*^, A^) on \ [A^J are types A2, A2/2-/? and y42/2-e 

and we see that is irreducible if ^(5*^) = 1. In what follows, ^{T) denotes the number of points 
of type T. We note that we have 2v{A2) + 2/(^2/2-/5) + 2/(^2/2-6) = 3. Firstly, we consider the 
case in which S'^ is a rank one log del Pezzo surface. Assume that s = 2. Then we have p{o) = 2, 
d = 2, (F^)2 = 1, (F^S^) = 4 and {E^f = 16. Thus we have 6K^ - Sp = 0. On the other 
hand, since we have 6K'^ = (1/3) 2/(^2/2-6) and 6p = 22/(^2) + 2/(^2/2-6), we have 6K'^ — 6p = 
-2u{A2) - (2/3)2/(^2/2-6), hence 2/(^2) = 2/(^2/2-6) = and 2/(^2/2-/?) = 3, which implies that 



we are in the case (1). Assume that s = 1. Then we have d = 3 and ^(5*^) = 1. We note that we 
have (r\ E^) = 1 (mod 2) from (F^ = 3/2, so wc have {T\ S^) = 3, {E^ f = 6 and 6K^ -6p= -3. 
On the other hand, since we have SK"^ = (l/3)z/(A2/2-e) and 5p = 1 + 2y{A2) + y{A2/2-e), we get 
5K'^ - 5p = -1 - 2v{A2) - (2/3)i/(A2/2-e). Therefore, we obtain 3i/(^2) + 2i/(^2/2-e) = 3. Hence 
{v{A2),v{A2/2-e)) = (1,0) or (0,3). Since we have dcg DiffHb.(r^) = 3 + 2z/(A2/2-/3) + (2/3)z/(A2/2-e), 
we have etop(2^'^) = 2u{A2/2-P) + (2/3)z/(A2/2-e). Assume that (2/(^2), z/(A2/2-e)) = (1,0). Then 
we have u(A2/2-P) = 1 and e^Qp(S^^) = 2, i.e., E!"^ ^ P^. We can see that there exists a birational 

morphism i] : W ^ S'" from a smooth rational surface with p{W) = 13 such that Supp 77~^A''UExc rj 
has only simple normal crossing singularities whose dual graph is as follows. 



(-2; 1/2) (-2; 1/2) (-1;0) 




(-2; 1/2) (-2; 1/2) (-1;0) 



In the above dual graph, • denotes a curves which is not r/-exceptional and o denotes a r)- 
exceptional curve. (*; *) denotes ( the self-intersection number; the multiplicities in A**^. We shall 
use the same notations in the subsequent dual graphs. 

We see that there exists a birational morphism v : W ^ U to a smooth rational surface U with 
p{U) ~ 10 such that rj — Xo v, where X : U ^ 5''' is a birational morphism and that A^^S'' is nef 
with {X-^E^f = and (A^^ - (l/2)A;lS^ A^^S^) = 0. We note that A^^ > 0. Applying the log 
abundance theorem to Ku + + eX^^E" for sufficiently small positive rational number e, we obtain 
a connected surjectivc morphism : U ^ P^, which turns out to be a minimal elliptic fibration 
since Ku + A^^ ~q and p{U) = 10. Put t := ^(A^^F^) and u := ^^(A^^S^). Then we see that 

■?/'*(t) and iIj*{u) are singular fibre of type 1^ and 11 respectively and that A'' = {l/2)tjj*(t + u). 
Since we have S,,^t,u 6top('^~^('^)) ~ ^ there exists v E P^ such that the singular fibre ip*{v) 
has the dual graph containing A2 as its dual subgraph, we deduce that ip*{v) is of type I3 and 
that ^jJ is smooth over P^ \ {t,u,v}. Thus we are in the case (2). We shall show that the case 
(z/(A2), z/(A2/2-e)) = (0,3) does not occurs. Assume that (z/(A2), z/(A2/2-e)) = (0,3). Then we have 
i'(A2/2-(3) = and E^'^ ~ P^. We see that that there exists a birational morphism t] : W ^ S^, 
where 1^ is a rational surface with p{W) = 11, such that Supp ?7~^A''UExc rj has only simple normal 
crossing singularities whose dual graph is as follows. 




(-2; 1/2) (-2; 1/2) (-1;0) 



Let V : W ^ U he a. contraction of rj'^E". Then we see that U is smooth rational surface which 
admits a structure of an elliptic fibration ^ : [/ — > by the same argument as above, such that there 
exists two points t, u E with being singular fibres of type and IV respectively. 

From the above dual graph, we can see that there exists a smooth rational curve E on U such that 
{ilj*{t),E) = 1 and {ip*{u),E) = 3 but which is absurd. Secondarily, we consider the case in which 
there exists a conic fibration (/?'': S*^ —> with p(S^/P^) = 1. In this case, we note that we have 
^topd^^'J) = 3. Let r'' = Fq + F^^ be the irreducible decomposition. Assume that s — 2. Then we 
have d — and p(5^^) = 4, hence the self-intersection numbers of all the irreducible components of 
A'' are (a) —1, —2, —2, —3 or (b) —1, —1, —3, —3. The case (a) is excluded for if we are in the case 
(a), the — 1-curve and the (— 3)-curve is invariant under the action of the covering transformation 
group, but which is absurd. Thus wc may assume that (Fq)^ = 0, (F^)^ = —2. Since Pic Q is 
generated by Fq and F^, wc have ~q 6Fq + 2F^ from (F-, H'') = 2 for i = 0, 1, which imphes that 

{E^y = 16. Thus we have = 6K^-6p= -2i/(Ai) - (2/3)z/(A2/2-e), hence 2/(^2) = u{A2/2-e) = 
and i'{A2/2-f3) = 3. Moreover, since we have degDiffsb.(F^) = 4 + 21/(^2/2-/5) = 10, we have 
e^Qp(S'"^) = 2. Since </?'' is smooth. It is easily seen that Fg is a fibre, Fq is a section of </?'' and S'' is 
irreducible, hence E)"^ ~ P^. (p^ induces a double cover (p^ : S''^ — P^ with at least four branching 
point, which contradicts the Hurwitz's formula. Assume that s = 1. Then we have d = 1 and 
p{o) = 3, hence the self-intersection numbers of all the irreducible components of A** are —1, — 1, 
-2. Assume that LC(5^ A") n F^ 7^ 0. Then we have (F^)^ = -1 and {T\f = -1/2 and we see 
that F^ supports an extremal ray with respect to Kgt, + A^. Contracting F^, this case reduces to the 
rank one log del Pezzo case. Assume that s = 0. Then we have d = 2 and p{o) = 2, hence the 
self-intersection numbers of all the irreducible components of A^ arc —1, —1, hence (F^)^ = —1/2 for 
i = 0, 1. By the same way as in the previous argument, we conclude that this case also reduces to 
the rank one log del Pezzo case. Thus we get the assertion. ■ 

Example 3.1 The example of the case (1) is well known and goes back to [82]. To show the existence, 
we only have to take a dual curve of a nodal cubic as S^ There exists exactly one double tangent by 
the Pliicker's formulae. It is also well known that for a suitable choice of homogeneous coordinates, a 
defining equation /(X, F, Z) of a nodal cubic curve can be written as f{X, Y, Z) = Y'^Z — X'^{X-\- Z) 
and the defining equation f{X, Y, Z) of its dual curve is calculated to be f{X, Y, Z) — AX^Z + AX^ — 
SGXY^Z - 8X^Y^ - 27Y^Z^ + AY\ (see, for example, [6], p.585, [11], p.l31. Exercise (4.7)^ or [43], 



Unfortunately, there is a minor misprint in [11], pl31 which says ". . .cuspidal cubic . . .". "cuspidal " should be 



Table 6.8). In particular, we see that such a log surface (S''', A**) is unique up to isomorphisms. As 
for the case (2), the existence of a minimal rational elliptic surface with a section ^ : U ^ with 
Typ(?7; ^Z^) = I* + II + 13 is known (see [60]). By the list in [56], we see that MW(C/^) = ZP for some 
P e MW{Ur,) with < P,P >^ 1/12, where MW(C/^) denotes the Mordell-Weil group of the generic 
fibre Urj and < *, * > denotes the height paring in the Shioda's sense. Put Q :— 3P. Then from the 
formula (8.12) in [71], we have 

j=<Q,Q>=2 + 2{Q0) - J2 contr^(g), 

where we followed the notations in [71]. Let 4'*(t) = Qt,o + ©t.i + 0t,2 + ©4,3 + 20t,4 + 20( 5 be the 
type I^ singular fibre and ip*{v) = G^^o + ©d,! + ^v,2 be the type I3 fibre, where Qtfl and 9„^o are the 
components which intersect the section (O). Prom (8.16) in [71], we have 

if (ge^.o) = 1, 

contri(g) = <; 1 if {QQt,i) = 1, 

5/4 if (get,2) = 1 or (get,3) = i 



and 

contr^(g) 



J if (ge,,o) = 1, 
\ 2/3 if (ge,,i) = 1 or (ge,,2) = i. 

Noting that (QO) e Z, we see that (gOt^s) = 1 or (gOj^a) = 1 and that (ge^,o) = 1 and (QO) = 0. 
Since uu — ■0*C'pi(— 1), we have 2Ku + 'ip*{t + li) ~ 0, where ip*{u) is the type II singular fiber. 
Let A : ?7 S''' be the contraction of all the curves (O), (Q), et,i (0 < i < 4) and e,,j (1 < j < 2) 
and put := {l/2)X^ip*{t + u). Then [S^ , A**) gives an example of the log surfaces of type (2) as in 
Proposition 3.6. 

Proposition 3.7 Assume that Sing S — Ai-\-2A^. Then there exists a birational morphism A : C/ — > 

5''' from a smooth projective surface U which admits a structure of an elliptic surface with a section 
ip : U —>■ P^ which is minimal over P^. And one of the followings holds. 

(1) >5^~P' and Typ(C/;V) =11 + III + I2; 

(2) is a rank one Gorenstein log del Pezzo surface with Sing 5''' = 2Ai + A2, and Tj^iU^il)) = 
ll + h + h. 

Moreover, ^ = {l/2)ip*{t + u) where ip*{t) is the singular fibres of type andip*{u) is the singular 
fibres of type III in the case (1), Ii in the case (2). 

Proof The possible singular types of {S\ A^) on S'''\ [A^J are types A3, Ao/2, Ai/2-a, Ai/2-7, A3/2- 
a, A3/2-6 and A3/2-C. We note that we have u{Ai/2-a) + iy{Ai/2--f) = 1 and 22/(^3) + u{A3/2-a) + 
u{A3/2-5) + z/(A3/2-C) = 2. From SK'^ = u{Aj2-^) + u{As/2-5) and 5p = 4 - (^^S') + 3u{As) + 
z/(Ai/2-7) + 2u{A3/2-5) + u{A3/2-C), we obtain SK^ - Sp ^ (^^S^) - 4 - 3^/(^3) - u{A3/2-5) - 
uIAs/2-C), hence we have 31/(^3) + 1/(^3/2-5) + 1/(^3/2-0 = 4 - (1/4)(H^)2. Moreover, since we have 
degDiffH..(r^) = (^^S^) + 2u{Ai/2-a) + 4z/(A3/2-a) + 2z/(A3/2-C), we have etop(S^") = (^^S^) + 
2u{Ai/2-a) + Au{A3/2-a) + 2z/(A3/2-C) - (1/2) (2^)2. Firstly, we consider the case in which is a 
rank one log del Pezzo surface. In this case, we have d = 3 — s, hence (P^)^ = (3 — s)/2. We note 
that we have s = 1 or s = 2 since p{o) = s. Assume that s = 2. Then we have (P^)^ = 1/2, which 
is absurd since P** fl Sing 5''' = by our assumption. Thus we have d = 2, hence (P'')^ = 1 and 



'nodal 



(S^)2 = (r^, E^y. Wc note that (^^ S^) = 2 or 4 since (r^)^ e Z. Assume that {T\ S^) = 4. Then we 
have 3z/(A3) + iy{A3/2-6) + t/(yl3/2-C) = 0, hence we have //(Ag) = z/(A3/2-5) = i/(^3/2-C) = and 
iy{A3/2-a) — 2. We note that we have e^Qp(S'"^) = 4: + 2iy{Ai/2-a) > 4, so we see that is reducible 

and consists of two or three irreducible components since ~ 1. In fact, we show that consists 
of exactly three irreducible components. Assume that consists of two irreducible components E\ 
and El. Since we have etop(S^'^) < 4, we have u{Ai/2-a) = 0, u{Ai/2--f) = 1 and E^", S^^^ ~ P\ 

We note that we have (E\,E2) = 4 since (S^)^ = (r^,S^)^ = 4 for i = 1, 2. Thus we see that there 
exists a birational morphism r]' : W S'", where W is a rational surface with p{W') = 14 such that 
Supp ri'~^A^ U Exc r]' has only simple normal crossing singularities whose dual graph is as follows. 



(-2; 1/2) (-2; 1/2) (-1;0) (-4; 1/2) 




Prom the above dual graph, we see that there exists a birational morphism v : W — > to a 
rational surface with p(W) = 12 such that r]' factors into v o r] where i] : W ^ S'' is a birational 
morphism and that ri~^E'" is nef and (r^'^S^)^ = 0. By the log abundance theorem, some multiple 
of ri~^E^ determines the structure of elliptic fibration with a section : W ^ P^. We see that 
i'wi'^) = V*^'^^ is a singular fibre of type III where u :— ijjw{v7^'^'')- Write A''^ = Fq + Fi + 
(l/2)(Eti Ei + Tj-^E^ + F), where Fq := ^;*F'o, F; := v,r[, Ei := v^E^ (1 < i < 4) and F := v,F'. 
Let Co be a (— l)-curve on W which is contained in a fibre of ipw and let Vo '■ W := Wq Wi be the 
contraction of Cq. Assume that (eg, F) = 0. We can see that (eo, Ef=i Ei) < 2 by the semi-negativity 
of fiber components. Since we have (cq, A"*^) = (cq, —Kw) = 1, we have (cq, Y^i=i E^) G 2Z, hence 
we obtain (cq, Yh=i Ei) = and (cq, Fq + Fi) = 1. Noting that p{W) = 12, we have (cq, Fq) — 1 and 
(eo, Fi) = 0. Let '4>Wi :Wi ^ be the induced morphism from and put t :— ■0vr(ro)- Then we see 
that V'vKi(^) is a singular fibre of type 1^ Let ei be a (— l)-curve on Wi which is contained in a fibre 
of i^Wi^ "^1 • W^i ~^ be the contraction of Ci and put F^^^ := Vq^F. We note that (ei,F*^^)) = 2. 
Let ■?/'vK2 : — ^ -P^ be the induced morphism from ip^/-^ and put v := '?/'v^'^(F(^)). Then we see that 
■j/'^^l^) is a singular fibre of type II or of type Ii and that 2K'w^ + ip'^^{t + m + w) ~ 0. On the 
other hand, since ■0^2 ■ ^2 is a rational elliptic surface with a section which is minimal over 

P^, we have UJW2 = '4'w2^ ^ which is a contradiction. Thus we may assume that (eo,-F) > 0. 
In the same way as the above argument, we see that {eQ,F) = 1, hence (co, X]^=i -^i) = 1- Since 
p{W) = 12, we see that (cc-Es) = 1 or {eQ,E^) = 1. Say (e^.E^) = 1. By contracting Cq and 
E4, we obtain a minimal elliptic fibration such that the singular fibre over t is of type I^. Thus we 
see that i/j^it) = 2Fo + 2Fi + ELi Ei + 3E4 + 4eo + F. Put G := v^G'. The above decomposition 
implies that {ijj^{t),G) > 3(i?4, G) = 3. On the other hand, we have (■0^(m),G') = 1, but which 
is absurd. Thus we conclude that E^ has three irreducible components assuming (r'',5'') = 4. Let 



S'' = J2i=i'^\ be the irreducible decomposition such that (r'',S'j) = 2 and (r^,S.) = 1 for i = 2, 
3. For i = 2, 3, we have {E{ + E\f = {T\E\ + = 9, hence = 2. In the same way, we 

have (S^ + E^f = (F^ + E^f = 4, hence (S^,^^ = 1. Thus we infer that i/(Ai/2-a) = 1 and 
i'{Ai/2-^) — 0, that is, 5''' ~ P^, is a conic and E\ is a hne for i = 2, 3. Moreover there exists 
a birational morphism r] : W ^ from a smooth rational surface W with p{W) — 12 such that 
Supp r]~^A^ U Exc T] has only simple normal crossing singularities whose dual graph is as follows. 



(-i;0) 

o 



(-2; 1/2) (-2; 1/2) (-1;0) 

-o- 



-o 



-2;0) 



:-4; 1/2) 




o(-2;0) 



6(-l;0) 



We see that there exists a birational morphism X : W ^ U to a smooth rational surface U with 
p{U) = 10 such that A~^S'' is nef and {X~^E^y = 0. Thus we get a rational elliptic surface with a 
section t/j : U ^ which is minimal over with singular fibres '0*(t) of type and tlj*{u) of type 
III. Noting that we have X^^^^ e^Qp('0~''^(f )) = 2 and that there exists a singular fibre tlj*{v) whose 
dual graph contains a subgraph of type Ai, we see that ^*{v) is of type I2 and ^ is smooth over 
u, v}. Thus we see that we are in the case (1). Assume that (r^,S^) = 2. Then we have {E^Y = 
(pb^ S^)2 = 4^ which imphes that E^ is irreducible, and 32/(^3) + 2/(^3/2-^) + u{A3/2-C) = 3. Since 
we have u{As/2-S) + u{As/2-C) < 2, we see that 1/(^3) = 1, i/(^3/2-a) = u{As/2-S) = u{As/2-() = 
and we get e^Qp(S'"^) = 2u{Ai/2-a). We note that u{Ai/2-a) = or 1 but in fact we can show 
that iy{Ai/2-a) = 1 as follows. Assume that u{Ai/2-a) = 0. Then we have u{Ai/2-^) — 1 and 
e^Qp(S''^) = 0, hence E^ is a smooth elliptic curve. We see that there exists a birational morphism 

T] : W ^ S'^ from a smooth rational surface W with p{W) = 11 such that Supp r]~^A^ U Exc r] has 
only simple normal crossing singularities whose dual graph is as follows. 



(-2; 1/2) (-2; 1/2) (-1;0) (0; 1/2) 

-o • 
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Some multiple of •q'^'E}' determines an elliptic fibration : W ^ witfi a section. Let 

Co be a (— l)-curvc on W which is contained in a fibre of ipw Then we have {cq.F) = 2 from 
2(Kw + A^^) ~ 0. Let v : W ^ U he the contraction cq and ip : U ^ P^ be the induced morphism 
ipw. Then ip is minimal since p{U) = 10 and v^F supports a singular fibre of type Ii or II. We see 
that v^A^^ = {l/2)^*{t + u + v), where ^*{t) is a singular fibre of type I^^, ^*(m) = v^^^E^ and 
t/;*(v) — v^F, but which is absurd since lou — 'iIj*0 pi{—l). Thus we conclude that u{Ai/2-a) — 1, 
i'{Ai/2-^) — 0, hence e^Qp(S'') = 2, that is, S'' ~ P^. We see that there exists a birational morphism 

X : U ^ from a smooth rational surface U with p(?7) = 10 such that Supp Aj^A*" U Exc A has 
only normal crossing singularities whose dual graph is as follows. 



-1;0) (0;l/2) 
-o- 



-2; 1/2)° (-2;°l/2) 



?(-2;0) 




Some multiple of A^ determines a minimal elliptic fibration with a section ip : U ^ P^ with 
singular fibres ip*{t) of type I* and iIj*{u) of type Ii. Since we have Y..u^t,uC'\,o]i{'4'~^{'^)) = 4 and 
there exists a singular fibre iij*{v) whose dual graph has a subgraph of type A3, we see that tlj*{v) 
is of type I4 and is smooth except over u and v. Thus we are in the case (2). Secondarily, we 
consider the case in which 5*^ has a structure of a conic fibration 9?'' : 5*^ ^ P^ . In this case, we have 
d = 1 — s, hence (F^)^ = (1 — s)/2. Assume that s = 2. Then we have (F^)^ = —1/2, which is absurd 
since F** fl Sing by our assumption. Assume that s = 1. Then we have p{S^) = 3, hence the self- 
intersection numbers of all the irreducible components of A" are —1, —2 and —3, which implies that 



all the irreducible components of are invariant under the action of the covering transformation 
group. This contradicts the assumption s = 1. Thus we conclude that s = 0. Since = 2, the 

self- intersection numbers of all the irreducible components of A*" are —1 and —2. Thus we infer that 
there exists an irreducible component Fq C F'' such that (Fq)^ = ~l/2- Contracting Fq, our case 
reduces to the rank one log del Pezzo case. ■ 

Example 3.2 By [60], there exists minimal rational eUiptic surface with a section '4> :U ^ with 
Typ(C/ ; ■0) = + Ii + I4 from which we can easily construct an example of (5''', A**) in (2). Wc can 
also construct an example of (S''', A'') in (1) from a pair (P\ line+ (l/2)line+ (l/2)line+ (l/2)conic) 
with properly chosen alignment. 

Proposition 3.8 Assume that Sing S — Ar, -\- A2 -\- Ai. Then is a rank one Gorenstein log del 

Pezzo surface with Sing S'" = Ai and there exists a hirational morphism \ : U ^ S'^ from a smooth 
projective surface U such that U admits a structure of elliptic surface with a section : U ^ 
which is minimal over P^ with Typ([/ ;■?/') = + II + I3 and that A^ ^ = (l/2)il)*{t + u) where ip*{t) 
andip*{u) are the singular fibres of type II and 11 respectively. 

Proof The possible singular types of {S\ A^) on \ [AJ are types Ao/2, Ai/2-a, Ai/2-7, ^2/2-/5, 
^2/2-6, A5/2-a, ^5/2-5 and A5/2-C. We note that iy{Ai/2-a) + iy{Aj2--f) = 1, iy{A2/2-p) + 
u{A2/2-e) — 1 and i'{A5/2-a)+i'{A5/2-S) + p{A5/2-() = 1. Firstly we consider the case in which is 
a rank one log del Pezzo surface. Assume that s = 2. Then we have p{S^) — 2 and the self-intersection 
numbers of all the irreducible components of A** are —1 and —3, which is absurd. Thus we have s = 1, 
hence p{S^) = 1. Since d = 1, we have (r'')^ = 1/2, hence (^^ S^) = 3, (S^)^ = 18 and 5K^-5p = -1. 
From 6K^ = z/(Ai/2-7) + (l/3)i/(^2/2-e) + 1/(^5/2-5) and 6p = 1 + iy{Ai/2--f) + iy{A2/2-e) + 
81/(^5/2-5) +3z/(A5/2-C) we obtain SK^ -5p ^ -1- {2/3)u{A2/2-e) -2u{A5/2-6) -3u{A5/2-C). Thus 
we get (2/3)i/(A2/2-e)+ 21/(^5/2-5) + 3i/(A5/2-C) = 0, hence 1/(^2/2-6) = i/(A/2-5) = u{A5/2-C) = 
and 1/(^42/2-/3) = i/{A5/2-a) — 1. Moreover, since we have 

deg Diffsb. (F^) = 3 + 2u(Ai/2-a) + 21/(^2/2-/3) + 61/(^5/2-0;) 
= ll + 2u(Aj2-a), 

we have e^Qp(S^'^) = dcgDifT2i'i'(F^) — 9 = 2 + 2u{Ai/2-a). The number of irreducible components of 

S'' is one or two. Firstly, we shall show that consists of two irreducible components. Assume that 
is irreducible. Then since we have e^Qp(S^'^) < 2, we have i'{Ai/2-a) — and u{Ai/2-^) = 1. 

Thus we see that there exists a birational morphism 77' : W' — > S'' from a smooth rational surface 
W with p{W') = 15 such that Supp r]'~^A^ U Exc 77' has only simple normal crossing singularities 
whose dual graph is as follows. 




(-2; 1/2) (-2; 1/2) (-1;0) 



From the above dual graph, we see that there exists a birational morphism v : W ^ to a 
rational surface W with p{W) = 12 such that rj' factors into rj o v where rj : W ^ S'^ is a birational 
morphism and that {r]^^E^)'^ — 0. We note that A''^ > 0. Some multiple of rj~^E^ determines an 
elliptic fibration t/jw :W^P^ with a section such that — V*^'^^ is a singular fibre of type 11. 

Put G := v^G'. Since {G,ijjl^{u)) = {G,ri-^E^) = 2 we have (G',V'*(t)) = 2, where t := ^wiv*^'^^^)- 
On the other hand, by the previous argument in the proof of Proposition 3.7, we have (G, 'ip\v{t)) > 4, 
which is a contradiction. Thus we conclude that S'' consists of two irreducible components. Let 

= E\ + be the irreducible decomposition such that (F^ E\) = 2 and (F^ H^) = 1. We note that 
since we have {E\f = 2{r\ E\f = 8 and {E^f = 2(F^ E^f = 2, we have 18 = {E^f = 10 + 2(S^i, E^), 
hence {E\, E^) = 4, which imphes that iy{Ai/2-a) = 1 and i'{Ai/2-^) = 0, hence e^Q-p^E^") = 4, that 
is, Ef" ~ (i = 1, 2). From + + F'' + (1/2)2^ ~q (1/2)S^, we obtain 



degDiff3b.(F' 



etop(52'') + ^(52)^ = 3 



On the other hand, we have 



degDifr^..(F^ + -S^J 



= (F\S^) + -(S^„S^)+degDiff^..(0) 
= 3 + degDiffsb.(0). 



Thus we get deg Diff2b..(0) = and consequently, we infer that the type A2/2-P point lies on E\. 
Thus we see that there exists a birational morphism r] : W S'" from a smooth rational surface W 
with p{W) = 13 such that Supp r]~^A^ U Exc r] has only simple normal crossing singularities whose 
dual graph is as follows. 



(-2; 1/2) (-2; 1/2) (-1;0) 




(-2; -1/2) 



(-1;0) (-2;0) (-2;0) 



We see that there exists a birational morphism v : W ^ U to a rational surface with p{U) = 10 
and A^'^ > such that rj factors into \ ov, where X : U ^ S*^ is a birational morphism and that X^^E'' 
is nef with (A;^-'^^^)^ = 0. Some multiple X~^E'^ determines an elliptic fibration ip : U ^ and we 
see that Typ(t/ = + II + I3 as in the same way in the proof of Proposition 3.6. Secondarily, we 
consider the case in which there exists a structure of a conic fibration (/?'': 5''' —> P^. Assume that 
s = 2. Then we have p{S^) — 4 and the self- intersection numbers of all the irreducible components 
are (a) —1, —2, —2 and —5, (6) —1, —2, —3 and —4 or (c) —1, —1, —3 and —5, which is absurd 
with the assumption s = 2. Assume that s = 1. Then we have p{o) = 3 and the self-intersection 
numbers of all the irreducible components are —1, —2 and —4, which is absurd with the assumption 



s = 1. Assume that s = 0. Then we have p(iS^) = 2 and the self- intersection numbers of all the 
irreducible components are —1, —3. Thus we see that there there exists an irreducible component 
Fq C r'' such that (Fq)^ = —1/2. Contracting Fq, our case reduces to the rank one log del Pezzo 
case. Thus we get the assertion. ■ 

Example 3.3 We shall follow the notations in Example 3.1. By [71], Theorem 8.6, (8.12), we have 
^ =< -P, -P >= 2 + 2((-P), (O)) - contrt(-P) - contr„(-P) 

and ((-P), (O)) e Z, we sec that ((-P), et,i) = 1 for i = 2 or 3 and that ((-P), ©^j) = 1 for j = 1 
or 2, hence ((-P), (O)) = 0. From [71], Theorem 8.6, (8.11), we have 

=< -P, g >= 1 - ((-P), (Q)) - contr,(-P, Q). 

Noting that by [71], (8.16), 

5/4 if (— P) and {Q) intersects the same components ofip*{t) 
3/4 otherwise 

and {{-P),{Q)) e Z, we infer that ((-P), (Q)) = and ((-P),©^,^) = {{Q),^t,^) = 1 for i = 2 
or 3. Let X : U ^ S*^ be the contraction of all the curves (O), (— P), (Q), {Qt,j\j 7^ h 5} and 
{^v,k\k = 1, 2} and put A'' := {l/2)X^ip*{t + u). Then (5^, A^) gives an example of the log surfaces 
as in Proposition 3.8. 

Proposition 3.9 Assume that Sing S — 4Ai. Then one of the following holds. 

(1) c^P^x and A^ = ELo ^\ + (1/2) E^=i where F^, are fibres of the first projection 
for j — 1, 2 and r\, S^- are fibres of the second projection for j — 3, 4:. 

(2) (5^, A^) is log terminal and has a structure of conic fibration : S'^ P^ with p{S^ / P^) = 1 
and Typ(5''', A''; f^'') = ((I-2)oo + (I-2)i + (11-1)2; (II-l)i) possibly after operating S-elementary 
transformations. = Fq-|-F^-|-(1/2)S^, where Fq is a smooth rational curve with{r\^,(p^*{t)) = 
2 for t E P^ and (Fq)^ = 0, F^ and are fibres of ip" with reduced structure. 

(3) 5''' is a rank one Gorenstein log del Pezzo surface with Sing — Ai and there exists a birational 
morphism X : U ^ from a smooth projective surface U such that U admits a structure of 
elliptic surface with a section ^ : U P^ which is minimal over P^ with Tjp{U; ^) = 1^ + 2Ii 
and that A^ ^ = {l/2)ip*{t + u) where ip*{t) and ip*{u) are the singular fibres of type and Ii 
respectively. 

Proof. Firstly, we consider the case in which S'" is a rank one log del Pezzo surface. In this case, 
since we have s = p{S'') > 2, we have s = 2 and (F'',S^) = 4, hence d = 4 by (3.9), (F^)^ = 2 and 
(5^)2 = 8 by (3.6). The possible of singular types on \ [A^J are types Ai, Ao/2, Ai/2-a, Ai/2--f. 
We note that we have 2i'{Ai)+u{Ai/2-a) +u{Ai/2-'j) = 4. Since we have 5K'^ = iy{Ai/2-'j) and 5p = 
i/(^i) + i/(Ai/2-7), we have SK'^-Sp = -viA-i). On the other hand, we have SK'^-Sp = -1 by (3.5). 
Thus we obtain z/(Ai) = 1 and u{Ai/2-a) + u{Ai/2--f) = 2. Noting that we have dcgDifr^,.(F^) = 
4: + 2u{Ai/2-a), we obtain e^Qp(S^'') = 2u{Ai/2-a). We shall show that is reducible. Assume the 
contrary. Since we have e^Qp(S^'') = 2i'(Ai/2-a) < 2, we have i'(Ai/2-a) > 1, hence u{Ai/2-^) > 1. 
Therefore, we see that there exists a birational morphism i] : W ^ S'^ from a smooth rational 
surface with p{W) = 10 + iy{Ai/2--f) such that A^*"^' > 0, (A^'^ - (l/2)?7-lS^ t^-^S^) = and 



contrt(-P, Q) = 



(?7~^S'')^ = 0. Some multiple of rj^^'E}' defines an elliptic fibration with a section ijjw : W . 
Put t := ipw{v*^^^) ^-iid u := ipw{ri^^'E}'). We see that ipw{^) ^ singular fibre of type I2 and 
il^y\r{u) is a singular fibre of type Iq, if z/(Ai/2-7) = 2, of type Ii, if u{Ai/2-'~^) = 1, in particular, 
ipw is minimal over t and u. Consequently, we can write Kw + (l/2)'0iV(^ + u) + (1/2)F ~q 0, 
where F is a sum of disjoint (— 4)-curves which comes from the minimal resolution of singularities 
of type Ai/2-7. Let ip : U ^ be the minimal model of il)w and v : W ^ U he the induced 
morphism. Then we have Kjj + (l/2)-(/'*(t + u) + {l/2)v^,F r^Q which implies that v,,F = since 
uu ^ '^*Opi{-l). Thus we have Kw + {l/2)ilj^{t + u) + (1/2)F = v*{Ku + {1/2)^* {t + u)), hence 
i^iy + (1/2)F = v*Ku, but which is absurd. Thus we conclude that is reducible. We note that 
we can write — E\ + where E\ are irreducible curves with (F^ S-) — 2 and hence (S-)^ = 2 
by (3.6) for i = 1, 2. From 8 = (S^ = 4 + 2(S^i,S^), we have (S^i,S^) = 2, hence iy{Ai/2-a) = 2 
and i/{Ai/2-'-y) = 0. Thus we see that there exists a birational morphism X : U from a 

smooth rational surface with p{U) = 10 such that A^'^ > and (A^'^ - A^^S^) = 0, A^^S^ 

is nef and (A~^S'')^ = 0. Some multiple defines an elliptic fibration with a section : U ^ P^ 
which is necessarily minimal over P^ such that 'ipwi'^) a singular fibre of type I2, ^w{u) is a 
singular fibre of type I2, where t :— tpwiK^^^) ^nd u :— tpwiK^'^^)- Noting that there exists a 
singular fibre i/j*{v) whose dual graph contains a Dynkin diagram of type Ai as a subgraph and 
that we have J2v^t,u ^topi'^^'^i'^)) ~ 2, we infer that ip*{v) is of type I2 and ip is smooth over 
P^ \ {t,u,v}. Thus we conclude that we are in the case (2). Secondarily, we consider the case 
in which there exists a structure of a conic fibration cp^ : S'^ ^ P^ with p[S^ / P^) = 1. Let 
r'' = Fq + F^ be the irreducible decomposition. We note that we have d = 4 — s by (3.9), hence 
we have (F^)^ = 2 - (l/2)s and (F^)^ + {r\y = -{l/2)s. Since we have SK^ = ^^(^1/2-7) and 
Sp = z/(Ai) + z/(Ai/2-7)+4-(F^S^), we have 5K^-5p = -z/(Ai) -4+ (F^ H^). On the other hand, 
we have 5K^-6p = {T\ S^) + (l/4)(S^)2-6- (l/2)s by (3.5), hence we obtain {E^f = 8 + 2s-4z/(Ai). 
Combining this with (3.4), we obtain e^Q^{E'"') = (F^ S^) - 4 - s + 2u{Ai) + 2v{Ai/2-a). We note 

that if p(^^) = 2, (5^A+(vp^^)) C LA^7(t)J is log canonical and SuppLDifTc^^(i)(A^;(t))J C [^';,{t)\ 

for any t G P^ by the same argument as in the proof of Lemma 3.8. Assume that (T\y, ^p^* [t)) = 2 
for t e P^. Then F^ and S'' are contained in fibres of (/?'', hence s — Q and p{S^) = 2. Therefore, 
if has only fibres of type (1-2);, and (11-1)6 by Lemma 3.3. We note that cp'* {ip" {r\)) is a fibre 
of type (I-2)oo- Since ip^ induces a double cover (/?'': Fg P^, (p^ has exactly one fibre of type 
(I-2)i by Hurwitz's formula. Thus we conclude that (p^ has exactly one fibre of type (11-1)2 since 
J2per^ mp(FQ, A^ — Fg) = 2 and the other fibres are of type (II-l)i, hence we are in the case (2). 

Assume that (Fg, (p^*{t)) = 1 for t G P^. We shall show that T\ is contained in a fibre. Assume the 
contrary. Then (S^)^ = 0, hence s = 0, which imphes i^iAi) = 2. Take type Ai point p e S'^ \ [A^\ 
and take C^t,{t) passing through p. Since S'' has only Du Val singularities of type Ai, we can write 
ip\t) = 2C^,{t), hence {TlC^,{t)) = 1/2 for i = 0, 1. Prom (X^b + F^C^b(^)) = 0, we have 
degDiffc i,(t)(r^) = 2, which implies mp{C^\,{t)] T^) = 0. Thus we get absurdity and we conclude that 

F^ is contained in a fibre. We note that (Fg)^ = — (l/2)s, hence the case s = 1 reduces to the case 
in which is rank one log del Pezzo surface by contracting Fg. Let be the horizontal part of 
with respect to (p". Assume that s — 0. In this case, we may assume that is reducible for if 
is irreducible, since cp' has only fibres of type (I-l)i, (1-1)2 and (I-3)i, we have u{(l-l)2) = and 
i/((I-3)i) = 2, hence (S^)^ = by applying Hurwitz's formula to the double cover y?'' : — >• P^, 
thus some multiple defines another conic fibration (p^ : ^ P^ with {T\, Lp^*{t)) = 2, which case 
was already considered. Assuming that is reducible, we see that ip^ has only fibres of type (1-2)^ 
{b — 1, 2, 00). Thus we see that we are in the case (1). Assume that s = 2. Since Fg is a section of 
(/?'' which does not pass through any singular point of S^, (p" is smooth, hence iy{Ai) — v{Ai/2-^) — 
and v{A-i/2-a) — 4, which implies that (S'')^ = 12 and e^Qp(S'"^) = 6. We see that is reducible. 



Let S'" = S\ + ^2 be the irreducible decomposition of (Fq, S^) = 2 and {r\, Sg) = 2. Since 'E}[ is not 
a fibre of {T\, S^J > 0, which contradicts {Kgi + A\T\) = 0. m 

Example 3.4 The existence of minimal rational elliptic surface with a section ip : U ^ with 
Typ{U;^P) =1*2 + 2I2 is known (see [60]). From the list in [56], we see that MW(C/^) = (Z/2Z)®^ 
Take P e MW{U^) \ {0}. From [71], Theorem 8.6, (8.12), we have 

=< P, P >= 2 + 2(PO) - contrt(P) - contr„(P) - contr^(P), 

hence 

1 

(PO) = -(contrt(P) + contr„(P) + contr^(P)) - 1. 

Let if if) = J2i=QQt,i + 2 5]^^4 9j^j be the type I2 singular fibre with {Qt,5,Qt,i) = for any i such 
that < z < 3, ijj*{u) = ©u 1 + 0„ j, 'ip*{t) = Qu.i + be the type I2 singular fibre and assume that 
the 0-section intersects Qtfl, ©u.o and 0^^o- Then from [71], (8.16), we have 

r if (pet,o) = 1, 

contrt(P) = <^ 1 if(P0t,i) = l, and contr^/(P) = 
[ 3/2 otherwise 

for v' = u, V. Since contrt(P) + contr„(P) + contr^(P) e 2N, there exists exactly two types of P, 
(1) {Pet,i) = 1, (Pe,,i) = 1 and (Pe„,i) = l or (2) {Pet,i) = 1 for some i > 1, (Pe„,i) = 1 and 
(PQ^^o) = 1- Take two elements P, Q ^ MW([/^) \ {0} which is distinct from each other. Assume 
that both of P and Q are of type (1). Then from [71], Theorem 8.6, (8.11), we have 

=< P, g >= 1 - (Pg) - contrt(P, Q) - contr„(P, Q) - contr^(P, Q), 

hence (PQ) = —1 from [71], (8.16), which is absurd. Consequently, there exists P G MW {Uri) of 
type (2). We may assume that {PQv,o) = 1- Let A : C/ — > 5''' be the contraction of all the curves 
(O), (P), {et,i|i ^ 5} and {O^jIj = 1, 2} and put := (1/2)A*'0*(^ + 1*)- Then {S\A^) gives an 
example of the log surfaces as in Proposition 3.9. 

4 Generalized local fundamental groups for analytic singu- 
larities with Q-divisors 

In this section, we give a theory to calculate local fundamental groups from differcnts. Let us review 
here the theory due to Prill. For a germ of normal complex analytic spaces {X,p), put Reg X := 
projhm^g^.Qpg^Reg U, where Reg U is the smooth loci of ZY. 7rJ°'^(Reg X) := projlimpg^.Qpg„7ri(Reg U) 
called the local fundamental group for {X, p) . We denote by 71^°^ (Reg X) its profinite completion which 
is called the local algebraic fundamental group of (X. p). Let E be an analytically closed proper subset 
of X. According to Prill ([61], §IIB), there exists a contractible open neighbourhood U of p such that 
there exists a neighbourhood basis {Ux}x^a of p satisfying the condition that ?7a \ S is a deformation 
retract of C/ \ E for any A e A. By the definition, we have ni{U \ E) = projlimpg^.Qpg^7ri(W \ E). 
We call such U as above a Prill's good neighbourhood with regard to E and we say that {Uxjx^A is 
a neighbourhood basis associated with U. Recall that Ux is also a Prill's good neighbourhood with 
regard to E and for any two Prill's good neighbourhood U and U', f/ \ E and [/' \ E have the same 
homotopy type. In particular, we have 7r[°'^(Reg X) ~ 7ri(Reg U) for a Prill's good neighbourhood 
U with regard to Sing X. 
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4.1 B(D)-local fundamental groups 

In this section, we introduce a generalized local fundamental group for a pair consisting of a germ 
of a normal complex analytic space and a Weil divisor on it, which turns out to appear canonically 
when we calculate local fundamental groups from differents. To introduce the generalized notion of 
local fundamental groups, let us briefly review here the theory of universal ramified coverings due to 
M. Kato ([28]), M. Namba ([55]) and J.P. Serre ([69], Appendix 6.4) according to M. Namba. Let 
B be an integral effective divisor on a connected complex manifold M and let B := Yl,i£ibiBi be the 
irreducible decomposition of B. Fix a base point x E M \ Supp B and let 7^ be a loop which starts 
from X and goes around Bi once in a counterclockwise direction with the center being a smooth point 
of Supp B on Bi. Let J\f{M, B,x) C 7ri(M \ Supp B,x) denote the normal subgroup generated by 
all the conjugates of the loops {'yi*}iei- Recall that Af{M, B,x) is known to be independent from 
the choice of such loops. We define a B -fundamental group of M by putting 

7ff (M, x) := 7ri(M \ Supp B, x)/U{M, B, x). 

Here, let us fix our terminology from the category theory. By a projective system, we mean a 
category T such that Hom i(A, //.) is empty or consists of exactly one element /a,^ satisfying fx^^ o 
fn,u — f\,u for any A, e Ob X. An object a e Ob X ( resp. uj e Ob X ) is called an initial object 
( resp. a final object ) if Card Hom x(a, A) = 1 ( resp. Card Hom i(A,c<j) = 1) for any A G Ob X. 
A projective system X is said to be cofilterd if, for any given two objects A, /i G Ob X, there exists 
V e Ob X with Card Hom I (z/. A) = Card Hom x(i/, /i) = 1. A covariant functor $ : X° — > X'° 
between injective systems X° and X'° is said to be co final, if, for any given A' e Ob X'°, there exists 
A e Ob X° such that Card Hom j'o(A', $(A)) = 1. We shall also say that a projective subsystem X' 
in a projective system X is cofinal in X if the dual embedding functor from X'° to X° is cofinal. (see 
[2], Appendix (1.5), [25], Expose I, Definition 2.7 and Definition 8.1.1). A finite covering f : N ^ M 
from a connected normal complex analytic space N which is etale over M \ Supp B is said to be 
branching at most (resp. branching ) at B, if the ramification index .(/) of / at any prime 

divisor Bi^j such that f{Bij) = B^ divides (resp. is equals to ) bi for any i e I. Let FC-^{M) 
(resp. FC^{M) ) denote the category of finite coverings over M branching at most (resp. branching 

) at B. Let FGC^^{M) (resp. FGC^{M) denote the full subcategory of FC^^{M) whose objects 
consists of Galois covers over M. Triplet {N, f,y), where (A^, /) G Ob FC-^{M) and y G f~^{x) are 
called pointed finite coverings branching at most at B. Pointed finite coverings branching at most at 
B and morphisms /a,/, G Hom^c<-B(M)((A'^, /m), (NxJx)) such that fxAVi^) = where {Nu,,ff,,y^) 
and {Nx, fx,yx) are two pointed finite coverings branching at most at B form a projective system 
denoted by FC-^{MY . We also define the projective subsystems F{G)C^-^^{MY in the same way. 
From [55], Lemma 1.3.1, Theorem 1.3.8 and Theorem 1.3.9, we see that there exists a canonical 
functor ^ from FC-^{My to the projective system of subgroups of finite indices in nf{M,x) such 
that 

^{{N, f,y))^ UMN \ Supp r^B, y)/N{M, B, x) C Tff (M, x) 

for (N, /, y) G ObFC-'^(M)^ and that the functor ^ defines an equivalence between the above two 
projective systems. Thus by using the basic group theory, we obtain the following lemma. 

Lemma 4.1 FGC^^{iViy ( resp. FGC^{M)p ) is cofilterd and cofinal m FC^^{M)p ( resp. 
FC^{M)P ) and hence in particular, FGC^{M)p is cofinal in FGC^^{M)p if FGC^{M)p is not 
empty. 

Remcirk 4.1 Let wf{M,x)^ denote the profinite completion of wf{M,x) called the B-algebraic 
fundamental group of M. Assume that FGC^{M)p is not empty. Then by Lemma 4.1, we have 

7ff (M,x)^ - projlim(^^^,^)gobFGCS(M)fGal {N/M), 



where Gal {N/M) Tff (M, x)//,7rf (X, y). 

In what follows, we shall use the following notation. Let X be a normal Stein space or a germ of 
normal complex analytic spaces with a point p € X. Weil X is the free abclian group generated by 
prime divisors on X and Div X is the subgroup of Weil X generated by Cartier divisors. DIvqX is 
the Q-submodule of Weil X ®Q generated by Div X. Let / : F — ^ X be a finite morphism between 
normal Stein spaces or germs of normal complex analytic spaces. The pull-back homomorphism 
/* : Weil X Weil Y canonically extends to a homomorphism /* : Weil X ®Q ^ Weil Y ®Q. 

Definition 4.1 For a germ of normal complex analytic spaces (X,p) and B G Weil X, we define a 
B -local fundamental group of X with respect to B as follows: 

TrfioclReg X) := projlim^gj^.^p^^Trf (Reg U). 

Moreover, by Ttf ^^^iReg X)^, we mean the profinite completion of 7ff^ioj.(Reg X). 

Remcirk 4.2 We note that apparently, we have 7f^io(,(Reg X) = 7ri°'^(Reg X) and if B is reduced. 

Definition 4.2 For D e Weil X (8) Q, a finite surjective morphism / : y — > X, where y is a germ 
of irreducible normal complex analytic spaces such that f*D e Weil Y is called a integral cover with 
respect to D. A integral cover f : Y ^ X with respect to D is called a strict integral cover ^ if 
ep(/) = er(-D) for any prime divisors F on F and F on X such that /(F) = F, where ep(/) denotes 
the ramification index of / at f and er(£') := [Z(multr£') : Z(multr£') n Z] e A/". By Int"'(X; D) 
( resp. Int^(X; D) ), we mean a category of integral covers ( resp. a category of strict integral covers 
) with respect to D. We shall also define categories Int"^^^^(G)(X; D)^) similarly as before. 

Let X be an arcwise connected, locally arcwise connected, Hausdorff topological space, A con- 
tinuous map f : y ^ X from a Hausdorff topological space y with discrete finite fibres is called a 
finite topological covering if for any x & X, there exists an arcwise connected open neighbourhood U 
oi X & X such that the restriction of tt to each arcwise connected component of of 7r~^{U) gives a 
homeomorphism onto U. The following lemma is nothing but a consequence from the first covering 
homotopy theorem (see [75], 11.3). 

Lemma 4.2 Let f : y ^ X be a connected finite topological covering. Assume that X is paracompact 
and let Z G X be a topological subspace which is a deformation retract of X . Then Z := 7r~^(2^) C y 
is a deformation retract of y . In particular, Z is also arcwise connected and tti{Z) = 7ri(3^). 

For a germ of normal complex analytic space (X.p), let U he a Prill's good neighbourhood with 
regard to a proper analytically closed subset E C X and let {Ux}xfz\ be a neighbourhood basis 
associated with U. We put U~ := f/ \ S and := Ux\T,. Take any connected finite topological 
covering /~ : V~ —>■ U~ . Then V~ has the unique analytic structure such that /~ : V~ — > U' is 
etale. By the Grauert-Remmert's theorem, /~ extends uniquely to a finite cover f : V ^ U, where 
y is a normal complex analytic space such that f~^{U~) ~ V~ (see [21], §2, Satz 8 and [24], XII, 
Theorem 5.4). Recall here that f~^{p) consists of exactly one point, for if f^^{p) = {qi, ■ ■ ■ ,qn} 
and n > 2, where qi are distinct from each other, then by [15], 1.10, Lemma 2, there exists A G A 
such that f~^{U\) = UiLi ^A,i; where PFx.i is an open neighbourhood of ioi i = 1, . . . ,n. Since 
f~^{Ux) C f~^{Ux) is connected by Lemma 4.2, there exists i, say io, such that f~^{Ux) C Wx,io 
and f~^{Ux) n Wx,i is empty if i ^ io, but which is absurd for f~'^{Ux) n Wx,i = \ /~^(S) is 
non-empty for any i. Thus we see that any connected finite topological covering /~ : V~ U~ 
determines a finite surjective morphism f : Y := {V,q) — > {X,p) from a germ of normal complex 
analytic spaces Y uniquely up to isomorphisms, where f~^{p) = {q}. For two connected finite 



topological coverings /f : and f2 : V-i U^, let /j : Vi be the extended 

finite covers and / : — > X be the corresponding finite surjective morphisms as above for i = 1, 
2. By [24], Expose XII, Proposition 5.3, the restriction map r : Hom[/(Vi, V2) Honif/- (y^^^, Va") 
is bijective and composed with the canonical injection Hom[/(yi,V2) — > Homx(yi,y2), f'^ gives a 
canonical injection Hom^/- V^~) — Homx(^i,^2)- From the above argument, we see that we 
have a canonical faithful functor V called a Prill functor from the category of connected topological 
finite coverings over U~ denoted by FT{U~) to the category of germs of normal complex analytic 
spaces which is finite over X and etale outside over S denoted by FC{X, E). 

Lemma 4.3 A Prill functor defines an equivalence between the categories FT{U~) and FC{X,'E). 

Proof. We note that the restriction functor TZ\ : FT{U~) FT{U^) defines an equivalence of 
categories between FT{U^) and FT{U^) since these are known to be determined up to equivalences 
by the corresponding fundamental groups. Put (V"j^, f^^) := lZx{{V~ f^)) G Ob FT{Ux) and Vi^x : = 
f~^{Ux) for i = 1, 2. Note also that the canonical map 

injlim;^g^Hom UxiVhX, '^2,a) ^ Hom fc(x,e)((>"i, /i), (>2, /2)) 
is bijective and that we have 

injlim^^eAHom ft([/-)((^i7a' f^x), (^27a> ATa)) = Hom FT{u-){{Vf, /f), {V^', f^))- 
Therefore, we conclude that the canonical map 

Hom PT(c/-)((^f , /r), {V,-, f-)) ^ Hom ,.c(x,s)((n, /i), (^2, /2)) 

is bijective, which implies that the functor V is faithfully full. Take any {Y, f) G Ob FC(X, E). 
Then / is represented by a finite cover f ■ Vx ^ Ux for some A G A, where Vx is connected. Since / is 
etale over Ux and Vx ■— f~^{Ux) is also connected, we obtain an object {Vx, G Ob FT{Ux) 

which goes to (Y, /) G Ob FC{X, S) via V o TZx^. Thus we conclude that V is essentially surjective, 
and hence V defines an equivalence. ■ 

Remark 4.3 It is obvious that a Prill functor also defines an equivalence between the full sub- 
category of Galois objects of FT{U~) and FC{X,T,). Note that giving a pointing to an ob- 
ject of FT{U^) and FC(X, E) has essentially the same meaning since the number of pointings 
for {y~ , f~) G Oh FT{U~) and the number of pointings for (V,/) G ObFC(X, E) are both 
deg/ = deg/~. Thus we see that V induces an equivalence between FT{U~Y and FC(X, E)^. 

For Q-divisor D on X, let Bx{D) be the set of all the prime divisors on X such that er(-D) > 1 
and put := J2reBx{D) ^r{D)T G Weil X. Combined with Lemma 4.1, Lemma 4.3 yields the 
following proposition. 

Proposition 4.1 There exists a canonical functor V : FC'^^(Reg U) lnt\X;D) which defines 
an equivalence between the categories FC^^(Reg U) and Int^(X; D). In particular, Int^G(X; Dy is 
cofilterd and co final in lni\X] Dy. 

Remcirk 4.4 Prom Proposition 4.1, we deduce that projhm^-yj .^-jgQ^ inttG(X;£))pGal (Y/X) is iso- 
morphic to 7ff^iQ^(Reg X)^ in the category of profinite groups. 

Definition 4.3 For Q-divisor D on X, we define a group vr[°^p[D] by 7r[°^,p[Z)] := Ti^J^^(Reg X), 
which is called the D -local fundamental group for ((X,p), D) and we denote by 7r[°^p[D] its profinite 
completion. 

Remark 4.5 We note that 'n\'xp[D] depends only on the class [D] G Weil X ® Q/Weil X and that 
if D G Weil X, 7rl°^,p[£>] ~ 7rl°'='(Reg X). 



4.2 The category of Cartier covers and Comparison Theorem 

In this section, we introduce a category which is easier to handle with than the category of integral 
covers. Let {X,p) be a germ of irreducible normal complex analytic spaces and let Aix denote the 
field of germs of meromorphic functions on X. In what follows, we fix an algebraic closure Mx of 
M.X and the inclusion ix ■ Mx — * M.x- Take any D e D'ivqX and fix it. Recall that a holomorphic 
map between complex analj^ic spaces is said to be finite, if it is proper with discrete finite fibres. 

Definition 4.4 A finite surjective morphism f : Y ^ X, where F is a germ of irreducible normal 
complex analytic spaces such that f*D is integral and Cartier, is called an Cartier cover with respect 
to D. A Cartier cover f :Y ^ X with respect to D is called Cartier Galois cover with respect to D 
if / is Galois. 

Definition 4.5 Cartier covers (resp. Cartier Galois covers) of X with respect to D form a full 
subcategory of complex analytic germs denoted by Cart™(X; D) (resp. Cart'"G(X; D)). For {¥, /) G 
Ob Cart^{X; D), an injective homomorphism iy '■ A4y — M.x, where /Ay is the meromorphic 
function field of Y, such that iy o f* — ix is called a pointing. Triplet {Y,f,iy) composed of 
(Y, /) G Ob Cart"^(X; D) and a pointing iy arc called pointed Cartier covers with respect to D. 
Pointed Cartier covers (resp. pointed Cartier Galois covers) with respect to D and morphisms 
f\,fi e Hom cart-(X;D)((>^M'/M)' (^A, /a)) Satisfying iy^ o = iy^ form a projective system denoted 
by Cart'"(X;Z})P (resp. Cart"^G'(X; 1))^). 

Non-zero G-algebra A is called a complex analytic ring if there exists a surjective G-algebra 
homomorphism A, where E ~ for some n. Recall that the category of complex analytic 

rings A which are finite Ox-modules and that category of germs of complex analytic spaces which 
are finite over X are dual to each other via the contravariant functor Specan^^^ (see [15] and [22], 
VI). The structure morphism /* : Ox — > ^ is injective if and only if / : Specan^^^^ — > X is 
surjective by the Remmert's proper mapping theorem (sec, for example, [15], 1.18). Let (/? be a 
meromorphic function on X such that Ox{—rD) = ipOx and let tt : X — > X be the index one 
cover with respect to D obtained by taking a r-th root of 99, where r := mdpD and fix a pointing 
ix- Take any (F, /, iy) G Ob Cart™(X; L')^'. For simplicity, assume that Mx <Z Mx C Mx and 
Mx C My C Mx- The assumption on Y implies that there exists a meromorphic function 
on Y such that ipOy = ip'^Oy, which implies that there exists a unit u G Oy such that ip'^ = uip. 
Since Oy is a henselian local ring whose residue field is the complex number field (see, for example, 
[1], Ch. Ill, §20, Proposition 20.6), we see that ^i/u G Oy, hence Mx{^/^) C My. Consequently, 
there exists a O^-homomorphism tt^Ox — > f*Oy which induces a finite surjective morphism zuy : 
Y — Specsinxf*Oy X — Specauj^Tr^Oj^ satisfying f — tt o wy. The above argument implies 
that Card Hom cart'"(X;D)f ((^, /, ^y), (-^, tt, i^)) = 1 for any {Y,f,iy) G Ob Cart™(X; D)^, that is, 
(X,7r,ix) is a final object, or equivalently, a colimit of Cart"*(X; Z))^. Let wy{iy,ix) denote the 
element of Hom ce.rt^{X;D)v{{Y, /, iy), (X, tt, ix)). 

Definition 4.6 A Cartier cover / : y — > X with respect to D is called a strict Cartier cover with 
respect to D, if zuy{iy,ix) is etale in codimension one for any pointings iy, ij^. 

Remark 4.6 wy{iy,ix) is etale in codimension one if and only if zuy{iy,ix) is etale over Reg X 
by the purity of branch loci (see [1], V, §39, (39.8) or [15], 4.2). 

Definition 4.7 A strict Cartier cover f :Y ^ X with respect to D is called a strict Cartier Galois 
cover with respect to D, if / is Galois. 



Remark 4.7 Take another pointings i'y and i'^ of (V,/), (-^! tt) G Ob Cart™(X;D)P respectively 
and assume that / : V ^ X is Galois. Then, by the Galois theory, there exist two isomorphisms 
a(iy,iy) e Hom cart'"(X;D)p((>^, /, ^y), and i^) G Hom cart'"(X;D)p((^, tt, i^), (X,7r,i^)) 

such that the following diagram in Cart"*(X; Uy commutes. 

f, ^Y) > [Y, /, ty) 

(X,7r,«^) > {X,n,i'j^) 

Therefore, {Y, f) G Ob Cart™(X; D)^ is a strict Carticr Galois cover if one of wyiiy ^iji) £ 
Hom caxt"'{X;D){{Y, f), (X, tt)) is etale in codimension one. One can also check easily that the same 
holds even if / is not Galois. 

Let Cart^(X;D) (resp, Cart^(X; D)*') denote the full subcategory of Cart"'(X; D) (resp. pro- 
jective subsystem Cart™'(X; D)^) whose objects are strict Cartier covers with respect to D (resp. 
pointed strict Cartier covers with respect to D) and let Cart^G'(X; D) (resp, Cart^G(X; Df) de- 
note the full subcategory of Caxt\X]D) (resp. projective subsystem Caxt\X]Dy) whose objects 
are strict Carticr Galois covers with respect to D (resp. pointed strict Cartier Galois covers with 
respect to D). Let fx^^ : {Y^,f^,iY ) — > (Yx, fx,iYx) be a morphism in Cart^G'(X; D)^ and assume 
that M.X C M-Yx C M-Y^ C Aix for simplicity. Then by the Galois theory, there exists a canon- 
ical surjective homomorphism gx,fj. : Gal {M.Yi_,/M.x) — Gal (A^y^/A^x) which is nothing but the 
restriction map. Thus Galois groups Gal {Y/X) := Gal {My/Mx) for (y,/,iy) G Cait'' G {X ; D)p 
form a projective system with the induced morphisms from Cart^G(X; Dy. Here is our comparison 
theorem. 

Theorem 4.1 There exists a canonical isomorphism : 

- P^oilim^Y,f,iY)eOh CarttG(X;D)f Gal (Y/X) 
in the category of profinite groups for any D G DwqX . 

To prove the above theorem, we need some lemmas and propositions as follows. Let C be a category 
and let X G Ob C be an object of C and G C Aut X be a subgroup of the automorphism group of 
X. 

Definition 4.8 An epimorphism / : X — > y in C is said to be Galois with the Galois group G, if 
G — Aut yX := {(7 G Aut X\foa — /} and for any morphism f':X^Y' such that G C Aut y/X, 
there exists a unique morphism (f : Y ^ Y' satisfying f — f o f. 

Remctrk 4.8 Assume that two Galois morphisms f : X ^Y and /' : X — > y with the Galois group 
G are given. Then by the universal mapping property, there exists an isomorphism (p : Y ^ Y' such 
that f — (po f, that is, Galois morphisms with the Galois group G is unique up to this equivalence. 

Example 4.1 Let JF := (Fields) be a category of fields such that B.omjr(^Ki, K2) is empty or consists 
of inclusions for any Ki, K2 & Ob T. For any finite extension i : Ki ^ K21 iis a, Galois extension if 
and only if its dual i° : ^ in the dual category !F° is Galois by the Galois theory. 

Definition 4.9 For any two morphisms / G Homc(X, Y) and g G YiomciY, Z), we define a subgroup 
Aut^X C Aut X X Aut^y as Aut^X {{a, a)\f o a ^ a o f}. 

Lemma 4.4 Let f G Homc(X, y) and g G Homc(y, Z) be two Galois morphisms and assume that 
the second projection p2 : Aut;^^ ~^ Aut^F is surjective. Then h := g o f is also Galois. 



Proof. Take any h' G Horn c{X,Z') with AutzX C Aut^/X. Since AutyX C Aut^X and / is 
Galois, there exists a morphism ip : Y ^ Z' such that ip o f = h'. Take any cr G Aut^-V'- Then 
there exists a G Aut X such that foa — aofhy the assumption. Since a G Aut^X C Aut^/X, we 
have h' — h'oa — ipofoa — ipoaof, hence ipof — ipoaof. Since / is an epimorphism, we 
deduce that = o a, that is, Aut^y C Autz'Y. Thus we conclude that there exists a morphism 
ip : Z ^ Z' such that (p o g = ip. Obviously p satisfies p o h = h' . As for the uniqueness of (/?, Let 
if' : Z Z' he another morphism satisfying ip' o h = h'. Then ip o f = h' = (p' o h = (p' o g o f\ hence 
ip'og = ip = ipog. Since g is also an epimorphism, we obtain cp' = p. m 

Remark 4.9 The assumption in Lemma 4.4 is satisfied in the following two theoretically important 
cases. 

(1) Let / and g are finite Galois covers between normal algebraic varieties over an algebraically 
closed field or normal connected complex analytic spaces. Assume that there exits a Zariski closed 
subset or an analytic subset E on y with codimyE < 2 such that the restriction /~ of / to X~ :— 
X \ gives the algebraic universal cover of Y~ := "K \ E, that is, 7ri(X~) = {1}. Moreover 
assume that Y^ is invariant under the action of Gal (Y/Z). Take any a G Gal (Y/Z). Since a acts 
on Y~ , there exists an automorphism on X~ such that f^oa~ = aof^hj the property of 
algebraic universal cover. a~ extends uniquely to an automorphism cr on X satisfying f o a — a o f 
by the normality (see also [7], §1 and [77], Lemma 2.1). 

(2) Let / and g are finite Galois covers between germs of normal complex analytic spaces. Assume 
that X is obtained from Y by taking a r-th root of a primitive principal divisor P = div p onY such 
that Oy{P) C Aiy is invariant under the action of Gal (Y/Z) (for the definition of primitive principal 
divisors, see [72], 2.3). Take any a G Gal {Y/Z). Then by the assumption, we have (T*(/? = up} for 
some unit u G Oy- As in the previous argument, there exists a unit v G Oy such that — u. Since 
we can write TWx — M.y\T]/{T'^ — it is obvious that a* lifts to an automorphism a* on Aix by 
putting a*T — vT. Thus we see that any elements of Gal (Y/Z) lift to elements of Gal (X/Z). 

Lemma 4.5 (c.f., [68]) Let A be an integral complex analytic ring and Ai he its quotient field. Let 
Ac be the normalization of A in a finite extension field C of Ai. Then Ac is also an integral complex 
analytic ring which is a finite A-module. 

Proof. Recall that A is noetherian ([22], II, Proposition 2.3). [68], Theorem 4 says that A is N-1, 
hence N-2 by [40], Ch. 12, Corollary 1, that is, Ac is a finite ^-module. By [68], Theorem 1, ^ is a 
finite Oo'n Q-m.o(hAe for some C", hence so is Ac- Thus by [68], Theorem 3, we conclude that Ac is 
a complex analytic ring. ■ 

Remcirk 4.10 Lemma 4.5 implies that if we are given a finite extension field C of the meromorphic 
function field Aix of an irreducible germ of complex analytic spaces X, there exists a germ of normal 
complex analytic spaces Y with a finite surjective morphism f -.Y ^ X such that AAy is isomorphic 
to C over A\x and such Y as above is uniquely determined up to isomorphisms over X. 

The following proposition can be also derived from Proposition 4.1, but we shall give an algebraic 
proof for further research such as extending our theory to the positive characteristic case. 

Proposition 4.2 CarttG(X; 0)"^ is cofilterd and is cofinal in Cart'''(X; D)^ for any D G DIvqX. 

Proof. Firstly, we prove the first statement. Take any two objects {Y\, f\,iy^, (^,///;'^y^) £ 
Cart'''G'(X; D)^. Let C := iYy^^Aiv^) ViY^(7Vly^) be the minimal subfield of Aix containing iy^^Aiy^) 
and ^y^(A^y^)- We note that £ is a finite Galois extension oi Aix by its definition. Let g : Z ^ X 
be the normalization of X in £ as explained in Remark 4.10. By the construction, we get an object 



{Z,g,iz) e Ob Cart™(^;^)^ dominating both of {Yx,fx,iYj and (F^, iyj in Cart™(X; 
Let (X,7r,i^) G Ob Cart^G'(X; L')^ be a final object of Cait^ G{X; D)p. From the equality = 
iy o CL7y(iy, i^)*, we see that there exists a canonical embedding: 

: Cart^G'(X; Df Cart^G'(X; 0)^, (4.10) 

depending on the choice of pointings for {X,7r) G Ob Cart^G(X; D), such that f^iy)) = 

{Y,zuY{iY,ix),iY) e Ob Carf^G'(X; 0)p for (F,/,iy) G Ob Cart^G(X; D)^. Since Cart^G'(X; 0)f is 
cofilterd as explained in Remark 4.3, there exists (W, h, iw) € Ob Cart^G(X; O)** which dominates 
both of {Yx,zuY^{iY^,ix),iY^) and (F^, •roy^(^y^, ^^m) Cart^G'(X; 0)^. By the construction of 
(Z,g,iz) G Ob Cart™(X;D)P, factors into iw ° t*, where r* : — Aiw is an injective 

homomorphism. Let r be the induced morphism r : W ^ Z. Then we see that h factors into 
''^zi'izyix) ° Since h is etale in codimension one, hence so is zuziizy^x)- Thus we conclude 
that {Z,g,iz) G Ob Cart^G(X; and consequently, Cart^G(X; D)*' is cofilterd. As for second 
statement, take any (y, /, iy) G Ob Cart^(X; Dy and let {iy^k = 1, 2, ... n} be all the pointings for 
(y, /) G Ob Cart^(X; D). Let C be the minimal subfield of Aix containing all the subfields iy'(7Viy), 
. . . , Since £ is a finite Galois extension of Aix by its constniction, we have an object 

{Z,g,iz) G Ob Cart"G(X;D)P dominating aU the (y,/,i?), {Y,f,iP) G Ob Cartt(X;D)f, 
where g : Z ^ X is the normalization of X in C In the same way as in the previous argument, we 
conclude that (Z, g, iz) G Ob Cart^G(X; D)p. m 

Proof of Theorem 4-1- By Proposition 4.1 and Remark 4.4, we only have to show that the full 
subcategory Cart^G'(X; D)^ is cofinal in lnt'^G{X; D)f (see [25], Expose I, Proposition 8.1.3 or [2], 
Appendix, Corollary (2.5)). Choose any object (y, /, iy) G Ob Int^G(X; Z^)^ and let Try : y — > 
y be the index one cover with respect to f*D. We can choose a pointing iy so that a triple 
(y, /, iy) becomes an object in Int^(X; Dy dominating (Y, f, iy). Prom Remark 4.9, we deduce that 
(y, /, iy) G Ob Cart^G'(X; Dy by its construction. ■ 

4.3 Universal Cartier covers 

Let f/ be a Prill's good neighbourhood with regard to Sing X and {U\}\^a its associated neigh- 
bourhood basis. Take any {Y.f.iy) G Ob Cart^(X;0)^ and put {V^,f^,y) := V^^iY, f .iy) G 
FT{U~), where P is a Prill functor. Let f : V U he the extended finite cover of By 
Lemma 4.2, V" is a Prill's good neighbourhood with regard to /~^(Sing X) with {Vx}x^a being 
its associated neighbourhood basis. Thus we have 7ri{V~) — projhmggy.Qpgj^7ri(V \ /~^(Sing X)) — 
projhm^gy.opgjj7ri(Reg V) = 7ri°'^(Reg Y) since Reg V n /~^(Sing X) is a closed analytic subspace of 
codimension at least two in Reg V. (see, for example, [61], III, Corollary 2.). In particular, we sec 
that (y, /, iy) G Ob Cart^(A:; 0)^ is an initial object of Cart^(X; 0)^* if and only if 7ri°^(Reg Y) = {1}. 

Definition 4.10 For D G DiyqX, a strict Cartier Galois cover : X^ ^ X with respect to D is 
called an algebraic universal Cartier cover, or abbreviated, a universal Cartier cover with respect to 
D if 7rl°^(Reg X^) = {1}. 

Renicirk 4.11 Singularity with trivial local algebraic fundamental group is quite restrictive one. For 
example, 7t^°^{RegX) — {1} imphes DivQ^nWeil X — Div X. Moreover, if we assume, in addition, 
that {X,p) is analytically Q-factorial, then Ox is factorial (see, for example, [6], Satz 1.4). 

Proposition 4.3 For D G DwqX , take the index one cover n : X ^ X with respect to D, the 
there exists the universal Cartier cover of X with respect to D if and only if Tr^f^ (Reg X) is finite. 



Proof. Assume that :n"J^°'^(Reg X) is finite and take a final object (X,7r, ) G Ob CarffG(X; D)p. 
By the assumption, Cart^(X;0)^ has an initial object (F, /, iy) e Ob Cart^G(X;0)^ such that 
7r}°"(Reg Y) = {1}. We note that iy is also a pointing for {Y,tt of) e Ob Cart'"(X;L') since 
we have iy o f* o tt* = o tt* = ix- Consider an object (Y, tt o f,iy) e Ob Caxt'^{X; Dy. By 
the argument in Remark 4.9, (1), wc sec that tt o / is Galois. Since vuy{iy,ix) — f is etale in 
codimension one, we conclude that (Y, tto/, -iy) G Ob Cart^G'(X; D)p. Conversely, assume that there 
exists a pointed universal Carticr cover (X\7r\ixt) G Ob Cart^G(X;D)^ with respect to D. Then 
<^i^{{X\TT\ixf)) G Ob Cart^G(X; 0)^ is an initial object of Ob Cart^(X; 0)^, hence 7rl°^(Rcg X) is 
finite. ■ 

Remark 4.12 Assume that {X, A) is purely log terminal, where A is a standard Q-boundary. Then 
{X,Ax) is known to be canonical, hence X has only canonical singularity if we assume that [AJ = 
or X is Q-Gorenstein. Thus if dim X <3, then 7ri°'=(Reg X) is finite by [70], Theorem 3.6. 

Proposition 4.4 (c.f., [24], Expose IX, Remark 5.8) For D G DivgX, Let n : X ^ X be the 

index one cover with respect to D. Then there exists the following exact sequence in the category of 
profinite groups : 

{1} 7rl-(Reg X) tt'^XpID] Gal (X/X) ^ Z/rZ {1}, (4.11) 

where r := indpD. 

Proof. Recall that we have a canonical embedding : Cart^(X;D)^ Cart^(X;0)^ as in 
(4.10). Since we have the exact sequence: 

{1} projlim(^_^,,^^,obCa.ttG(X;D).Gal (Y/X) 7ri^^,^[D] Gal (X/X) {1}, 

we only have to show that Cart^G(X; Dy is cofinal in Cart^G(X; 0)** via the functor Choose 

any object (y,/,iy) G Ob Cart'^G'(X; 0)^'. Then we see that {Y,n o f,iy) g Ob Int\X;Dy since 
7r~^(Reg X \ Supp B) C Reg X and vr o / is etale over Reg X \ Supp B. By Proposition 4.1, 
There exists an object (Z,g,iz) G Ob Int^G(X; D)^ dominating the object (Y,-k o fjiy). Since 
Cart^G(X; Dy is cofinal in Int^G(X; D)p (see the proof of Theorem 4.1), (Z, g, iz) is dominated by 
some object in Cart^G(X; Dy. Thus we get the assertion. ■ 

Corollary 4.1 A pointed universal Cartier cover {X\7r\ixt) G Ob Cait^G{X; D)^ is an initial 
object, or equivalently, a limit of Ca,rt\X ; Dy and vice versa. In particular, a universal Cartier 
cover with respect to D is unique up to isomorphisms over X if it exists. 

Proof Let {X,TT,ix) G Ob Cart^G'(X; L>)p be a final object of Cart^X; D)p. As we noted 
firstly in this section, (X^, ■c:7xt(^xt, ^x), «xt) £ Ob Cart^(X;0)^ is an initial object of Cart^(X;0)^, 
hence {X^n''' ,ixt) G Ob Cart^G(X; 1^)^ is also an initial object of Cart^(X; D)^. On the con- 
trary, assume that there exists an initial object (X''"', vr"^', i^f) of Cart^(X; D)^. By Proposition4.2, 
we see that {X^' ,tt^' ,ixp) G Ob Carf^G'(X; D)^. Since tt^"^xJD] is finite, 7r}°^(Reg X) is also fi- 
nite by Proposition 4.4. Therefore there exists a pointed universal Cartier cover (X^n^ix^) G 
Ob Cart^G'(X; Dy by Proposition 4.3 which is also an initial object of Cart^(X; Dy and hence 
isomorphic to (X^', tt^', ixv)- Thus we conclude that 7rl°^(Reg X'^') = {1}. ■ 

The following Lemma is an algebraic generalization of Brieskorn's fundamental lemma. 

Lemma 4.6 (c.f., [6], Lemma 2.6) Let f : {X.p) (Y.q) be a finite morphism between germs of 
normal complex analytic spaces (X, p) and {Y, q). Then for any D G T)'wqY , there exists a canonical 

homomorphism f^. : 'T^'ixp{f*D\ 7rl°f ^[D] which satisfies |'fJ°yq[D] : Im /*| < deg/. In particular, 
^f^iXpif*^] finite, so is Til^,,[D]. ' 



Proof. For a given pointing iy : My -M^y, we choose a pointing ix '■ M.x M.X = J^y such 
that ix ° f* = i-Y- Take any {Z,a,iz) G Ob Cart^G(F; D)^. Let : — > F be the normahzation 
of Y in ix(A^Js:) V iz{Mz)- We note that there exist morphisms f3 : W ^ X and 7 : 1^ ^ Z such 
that Q;o7 = /o/3 = i/. Since /3*f*D = Ya*D e Div 1^ and /3 : ^ X is Galois (see, for example, 
[52], Theorem 3.6.3), we have {W,p,iw) G Ob Caif^ G {X ; f*Dy for a suitable pointing ivi/- Let 
{X, TTx, ix) ( resp. {Y, Try, i^) ) be a final object of Cart™G(X; f*Dy ( resp. Cart'"G'(F; Oy ). Since 
{X , fo7ix,ix) € Ob Cart™'(y; D)^, there exists a morphism a;^(ij5^, iy) : (X, /ottx, ^x) ~^ (^)7'"y)^y) 
in Cart™(F; L))^. Let u'^ ■.Y'^ ^Y be the normalization of y in iz{Mz)(~^ix{Mx). Since the induced 
finite morphism 5 : Z — > y'' is Galois, iz{-M.z) and ix(-^x) linearly disjoint over iyii(Alyii), that 
is, iz{Mz) ^i-(-^x) — iw(Mw) (see, for example, [52], Exercise 4.2.3). Let 77 e 1^ be the 

generic point of a prime divisor on W and ^ & Z (resp. ^ E X, resp. e Y^) be its image on Z 
(resp. X, resp. F^). Consider the canonical morphism k : iz{Oz,() ^iyt^iOyt, i) ~^ iw{.Ow,ri) 

and put S := ■iy[i((9y[i) \ {0}. We note that since iz{Oz,^) is fiat over iyh (Oy^^^^) by our construction, 
iz{Oz,i) (Oyft ji, ) ^ fr*^^ ij^((9j^ |)-module, in particular, a torsion free iyii(0yii^^ti)- 

module. Since S-'k : -5-i(zz(Oz,g)®,^^(o^^_^^)^^(0^,|)) ~ S-\^z{Oz,i))^^y,iMy,)S-\^x{Ox^^)) ^ 
ivi/(A1vy) is injective by the previous argument, so is k, hence, in particular, Im k is a normal subring 
of iwi^w,r)) whose total quotient ring coincides iwi-^w) which implies that Im k — iwiM.w)- Thus 
we conclude that k is an isomorphism and that iw{Ow,r)) is flat over ix(0x|), which implies that 
{W,l3,iw) e Ob Cart^G'(X; /*D)P. The canonical inclusion Gal iW/X) ~ Gal {iz{Mz) /iz{Mz) n 
ix{-M.x)) — ^ Gal {Z/Y) induces a homomorphism : ~^ '^i°y,g[-^]- Since we have 

[Gal {Z/Y) : Gal {W/X)] = [iz{Mz) ^ix{Mx) ■ iYiMy)] <degf, we get the assertion (see also 
[5], §7.1, CoroUaire 3). ■ 

4.4 Lefshetz type theorem for D-local algebraic fundamental groups 

The aim of this section is to state and prove the Lefshetz type theorem for D-local algebraic funda- 
mental groups. 

Lemma 4.7 (c.f., [29], Corollary 10.8) Take any D e DivgX n Weil X and let n : X ^ X be 

the index one cover with respect to D. Assume that there exists a normal prime divisor V passing 
through p & X such that the following three conditions hold. 

(1) T := ■n~^V is normal, 

(2) r does not contained in Supp D, 

(3) there exists an analytic closed subset E C X with codim^S > 2 and codimr(E fl F) > 2 such 
that D\u is Cartier and Dr :— j^D e Div F, where U :— X \'E and jr : Fq := F \ E — > F is 
the natural embedding. 

Then D eDiv X. 

Proof. Consider the exact sequence: 

— > Ox{'K*D - f) — > Ox{'K*D) — > Of{7r*D) — > 0. 

Note that Of{7i*D) and 7i*Or{Dr) are both invertible and coincide on F \ 7r~^(E), hence we have 
Of{TT*D) — 7r*Or{Dr) by the normality of F. Since Trf := F^ o tt* is an exact functor, where 
G :— Gal (X/X), the above exact sequence induces a surjective map 

a : Ox{D) = 7rfO^{7r*D) ^ 7r^O^{7r*D) = Or{Dr) ® (7r|f )?0f = Or{Dr). 



Take (f^ £ -^r such that div ip^ = ~-D|r- By the above argument, we have (f G Aix such that 
a{ip) = (pr- Since {D + div (p)\y = -Dr + div pr = and D + div ip is Q-Cartier, we deduce that 
r n Supp {D + div (f) = 0, that is, D + div v? = 0, hence D e Div X. m 

Lemma 4.8 (c.f., [62], Lemma 1.12, [67]) Let X be a normal complex analytic space embedded 
in some domain in C". Consider the hypersurfaces on C" parametrized by r E which is 
defined by a linear equation Tq + YJi=i'TiZi = 0, where Z\, . . ., is a complete coordinate system of 
C"'. Then there exist a non-empty open subset U C and a countable union Z of closed analytic 
subsets of U such that for any T&U\Z,HT-r\Xisa normal hypersurface on X . 

Proof. Take an analytic open subset U C P" such that for any t E U, Ilr '■= Hr H X is non 
empty and H^- does not contain X. Since the base point free hnear system {Hr}Teu on X induces 
a base point free hnear system on Reg X, we have Sing Hj. C Sing X and codim ^^Sing 5^ > 2 for 
any t & U \ Z, where Z is a countable union of closed analytic subsets of U by Bertini's theorem. 
Moreover, we may assume that for k = 1, . . . ,d — 2, docs not contain any maximal dimensional 
components of (Sing X)p[Sk^i{Ox), where d := dimX and Sk{Ox) is a closed analytic set consisting 
of points at which the profoundity of Ox does not exceed k. Since we have (Sing 11^) H SkiOfj^) C 
(Sing X) n Sk+i{Ox), we see that dim(Sing Ht) fl SkiOg^) < A; — 2 for any k, hence Ht is normal 
for any T e [/ \ Z by [15], 2.27, Theorem. " ■ 

Remcirk 4.13 Let X be a normal Stein space. For Q-divisor A on X, let Multx(A) C Q denote 
the subset consisting of all the multiplicities of A at prime divisors on X. We note that for general 
normal hyperplanes Hr, we have MultH^(DiSg^{A)) C Multx(A). 

To state the Lefshetz type theorem, we need to fix some sort of general conditions. We shall 
consider the following conditions assuming dimX > 2. 

(Ml) A is a standard Q-boundary. 

(M2) (X, A) is divisorially log terminal. 

(M2)* (M2)" (X, A) is divisorially log terminal and {A} = or {M2f (X, A) is purely log 
terminal. 

(M3) There exists an irreducible component F of |_AJ passing through p E X such that Kx + F is 
Q-Cartier. 

Remark 4.14 (M2)* is a slightly stronger condition than (M2). 

Proposition 4.5 Assume the conditions (Ml), (M2) and (M3). Then 

mdp{Kx + A) = indp(i^r + Diffr(A - F)). 

Proof. Put rr := indp(ii'r + Diffr(A — F)). Firstly, we note that (X, F) is purely log terminal and 
that F n Supp (A — F) is purely one codimcnsional in F since A — F is Q-Cartier by the conditions 
(M2) and (M3). We show that r^i^Kx + A) is an integral divisor on X and is Cartier at general 
points of any prime divisors on F. By taking general hyperplane sections, we only have to check that 
if dimX = 2, then rr{Kx + A) is Cartier. This can be checked by the classification of log canonical 
singularities with a standard Q-boundary due to S. Nakamura (see, §3.1 or [34], Theorem 3.1), but 
we can also argue in this way as follows. We note that p E X is a cyclic quotient singular point with 
the order, say, n by the condition (M2). If F fl ([AJ — F) 7^ 0, then X is smooth, hence this case is 
trivial. Assume that F n (|_AJ — F) = 0. Since we can see that (X, A) is purely log terminal in this 



case from the condition (M2), we can write A = F + rfS for a prime divisor S such that (F, S)p = 1 
and for some d = (/ — I)//, where / is a natural number and we have multpDiffr(A — F) = (n/ — l)/(n/), 
as in [74], Lemma 2.25, which imphes rr{Kx + A) e Div X. Going back to the general case, we see 
that D :— Kx + A e T)'wqX and F satisfies the conditions in Lemma 4.7 using [72], Corollary 2.2 
and Lemma 3.6, hence we conclude that rr(i^x + A) e Div X. ■ 

Remark 4.15 We note that Diffr(A — F) is also a standard Q-boundary, since Diffp((A — F)j^) is 
a Q-boundary (see [72], (2.4.1)). 

Example 4.2 Let X be the germ of at the origin and put F := div z and A := div z + 
(l/'ri)div w + (l/n)div {z + w)^ where {z^w) is a system of coordinates and n G N . Then we have 
indo(i^x + A) = n while indo(i^r + Diffr(A — F)) = n/2 (resp. n) if n is even (resp. if n is odd), 
which explains why we need the assumptions in Proposition 4.5. 

A directed set (A, >) naturally forms a cofilterd projective system assuming that for A, /x G A, 
Card HomA(A, /x) = 1 if and only if A > /x. We call this projective system A a cofilterd index projective 
system. Let us recall the following basic result (see for example, [65]). 

Lemma 4.9 Let (f) : A' ^ A be a covariant functor between cofilterd index projective systems and 
G : A ^ (Top. groups), H : A' (Top. groups) be two covariant functors to the category of 
topological groups. Assume that the following three conditions (a), (6) and (c) hold. 

(a) Gx :— G{X) and Hy :— H{X') are compact for any A G Ob A and A' G Ob A'. 

(b) G{X — > /i) and H{\' — > //') are all surjective. 

(c) There exists a natural transformation ^ : G o (j) ^ H such that ^^'(A') : G^^y) — > Hy are 
surjective for any A' G Ob A'. 

Then there exists a canonical surjective morphism in (Top. groups) : 

^ ■ projhm AeObA^A ^ projlim A'eObA'-f^A'- 

Let A be a Q-divisor on X such that Kx + A is Q-Cartier. In what follows, we put 

xI^"'\G){X, A)(f) := iI^'^\G){X] Kx + A)^^). 

Theorem 4.2 Assume the conditions (Ml), (M2)* and (M3). Then there exists a canonical con- 
tinuous surjective homomorphism : 

^r:vrl°^,p[Difrr(A-F)]^7rl<;^,p[A]. 

Proof. For any (Y, f ) G Ob Cart™(X, A), F and Fy := f'^T are normal by [72], Lemma 3.6 and 
Corollary 2.2, hence they arc irreducible since f^^{p) consists of just one point. A canonical inclusion 
Or — ^ iiijl™(y/jy)eobCart'"(x A)p^ry extends to an inclusion ir : Or — ^ A^r and wc fix this ip- Then 
we have a canonical functor ^j?^ : Cart™(X, A)(p) ^ Cart'"(F, Diffr(A - F))(p) such that 0((r, /)) = 
(Fy,/r), where /r := /|ry Take any (Y, f) G Ob Cart^(A:, A). We shaU show that (Fy, /r) G 
Ob Cart^(F, Diffr(A — F)). Let X ^ X be the log canonical cover with respect to Kx + A. Note that 
Fjj^ is also normal and vrp := vr|Fy : F := Fjj^ ^ F is the log canonical with respect to A'r+Diffr(A— F) 
by Proposition 4.5. Take any pointings if, and i-^y for (F, vrp) and (Fy, /p) G Ob Cart™(F, Diffr(A — 
F)). We note also that c^jpy (ipy, "^f) — ^Y{iY,ix)\rY some pointings iy and of {Y,f) and 



(X,7r) e Ob Cart^(X, A). {TyJv) e Ob Cart^(r, Diffr(A - T)). By the covering theorem in [76], 
[X, A) is divisoriaUy log terminal of index one, which implies that X is smooth in codimension two, 
hence, in particular, we have codim f(Sing X DT) > 2. Since zuyiiYjix) is etale over Reg X, we 
conclude that rory(iry , ^f) etale in codimension one and (Fy, /r) G Ob Cart^(r, Diffr(A — F)). In 
other words, induces a functor # : Cart^(G')(X, A)(p) ^ Cart^(G')(r, Difrr(A - r))^\ where 
we used the same notation (f)^\ Consider the two functors 

Gx : Cart^G'(X, A)P ^ (Top. groups) and Gr : Cart^G'(r, Diffr(A - r))^' ^ (Top. groups) 

such that Gx{{y, fjiy)) = Gal {Y/X) and Gr{(r' , 9,^^)) = Gal (F'/F). Since / is etale over a 
general points of F for any (Y, f) G Ob Cart^G(X, A), there exists a natural equivalence : Gr o 
(jf — >• Gx, which induces the desired surjection ipr '■ '''"i°f,pPiffr(A — F)] — > TrJ^^pfA] by Lemma 4.9. 



Remark 4.16 Assume the conditions (Ml), (M2)" and (M3). Then, combined with Remark!. 5, 
Theorem 4.2 says that there exists a surjection ipr '■ 7'"i°r,pPiffr(A — F)] — >• 7rJ°'^(Reg X). For example, 
if dim X = 4, 7rl°f p[DifFr(A — F)] is finite under the assumptions as explained in Remark 4.12, hence 
so is 7ri°^(Reg x)'. 

Letting notation and assumptions be as in Theorem 4.2, we obtain the following corollary. 

Corollary 4.2 Assume that the universal Cartier cover ofV with respect to ii'r + E)iffr(A — F) exists. 
Then there exists the universal Cartier cover of X with respect to Kx + A. Moreover, there exists 
the following exact sequence : 

{1} 7rl-(Reg F;,t) 7rl°[,^[Diffr(A - F)] ^ tt}- ,^[A] {1}, (4.12) 

where tt^ : ^ X is the universal Cartier cover of X with respect to Kx + A. 

Proof. The first assertion follows from Proposition 4.3 and Proposition 4.4. As for the last 
statement, let vTp : F'^ — > F be the universal Cartier cover of F with respect to Kr + Diffr(A — F). 
Then the induced morphism rp : F''" — ^ F^t is the universal Cartier cover of F^t since Tp is etale 
in codimension one, which implies that Gal (F^Fxt) — 7r]°'^(Reg F^t), hence we obtain the desired 
exact sequence. ■ 

Remark 4.17 Let notation be as above. Assume that {X,p) is a three dimensional Q-Gorenstein 
singularity and that (X, F) is purely log terminal with Sing X C F. Then we see that {X,p) has 
only terminal singularities and that {X\p^) is an isolated compound Du Val singularity (see, [42], 
Theorem 5.2). We also note that F^ is smooth and that F^t G | — -^xt I is a Du Val element. Moreover, 
the above exact sequence (4.12) reduces to the following exact sequence: 

{1} 7rl-(Reg F^t) 7rl°^,,[Diffr(0)] 7rl-(Reg X) {1}, (4.13) 

which enables us to calculate the local fundamental group of the germ (X,p), since 7rJ°'^(Reg F^t) 
and 7rj°pp[Diffp(0)] have faithful representations to the special unitary group SU{2. C) and the uni- 
tary group U{2, C) respectively, both of which are classified. It is important to determine the pair 
(X^, 7r|°'^(Reg X)) which will lead us to the classification 3-dimensional purely log terminal singular- 
ities. 



5 Types of degenerations of algebraic surfaces with Kodaira 
dimension zero 



Definition 5.1 (Minimal Semistable Degeneration) A minimal model X ^ T> obtained from a 
projective semistable degeneration of surfaces with non-negative Kodaira dimension g : Y ^ T> 
by applying the Minimal Model Program is called a projective minimal semistable degeneration of 
surfaces. 

A projective log minimal degeneration of Kodaira dimension zero is related to a minimal semistable 
degeneration as in the following way. 

Lemma 5.1 Let f : X ^ V be a projective log minimal degeneration of surfaces with non-negative 
Kodaira dimension. Then there exists a finite covering r : V"^ — > D, a projective minimal semistable 
degeneration f"' : X"' — > T)'^ which is bimeromorphically equivalent to X Xd 'D'^ over V>" and a 
generically finite morphism tt : X"^ X such that f o tt — t o f"' and Kx" + Q"^ — 7r*{Kx + Q), 
where := /''*(0). 

X" X 

r f 



Proof. We use the idea explained in [72], §2. Let // : y — > X be a projective resolution of X 
such that the support of the singular fiber of the induced morphism g : Y ^ T) has only simple 
normal crossings as its singularities. By the semistable reduction theorem ([32]), there exists a finite 
covering r : T>" —>■ V and a projective resolution Y" —>■ Y XdV such that the induced degeneration 
ga . ycT _^ -pCT -g semistable. Let n' : X' ^ X he the normalization of X in the meromorphic 
function field of Y"' and let (p : X"^ — > X' be a minimal model over X' obtained by applying the 
Minimal Model Program to the induced morphism Y'^ X'. Then, by the ramification formula, 
we have Kx' + 0' = 7r'*{Kx + 0), where 0' := 7r'~^0. Since (X', 0') is log canonical, we infer that 
Kx<^ + 0^^ = <p*{Kx' + 0')- The induced morphism : X'^ as the Stein factorization of the 

morphism X'^ V gives the desired minimal semistable degeneration. ■ 

Definition 5.2 (of. Definition 3.4) A log minimal degeneration f : X T) oi surfaces of Kodaira 
dimension zero is said to be of type I (resp. of type II, resp. of type III), if there exists an irreducible 
component 0, of such that (0j, Diffe^(0 — 0^)) is of type I (resp. of type II, resp. of type III). 

For a projective log minimal degenerations of surfaces of Kodaira dimension zero f : X ^ V, 
take a projective minimal semistable degeneration f" : X"^ — > T>" obtained from / as in Lemma 5.1. 
Then the following holds. 

Proposition 5.1 f is of type I ( resp. of type II, resp. of type III ) if and only if f" is of type I ( 
resp. of type II, resp. of type III ). Moreover two projective log minimal degenerations fj : Xj ^ V 
{j — 1, 2) which are bimeromorphically equivalent to each other overV have exactly the same types as 
each other, i.e., types 1, II anc? Ill are bimeromorphic notion which are independent from the choice 
of log minimal models. 

Proof. Let 0j be an irreducible component of and 0f be an irreducible component of 7r^^(0i) 
dominating 0j. Since we have Kx'^ + 0*^ = '^*{Kx + 0), we have Kq^ + Af = 7r*{KQ. + Aj), where 
Af := Difr0a(0^ - 07) and A^ := Difr0.(0 - 0^), hence [Af J = n-^([Ai\) and 

LDiffLA^j.(Af - LAfJ)J = 7r'^-nDiffLA.j''(A. - [A.J)], 



where tt'^ : [A^J'^ — > [AjJ*^ is the induced morphism by tt between the normahzation of [A°"J and 
[AiJ . Let Tft : ^ X" be the index one cover of X"^ with respect to Kx'^ and : X^ — >■ be the 
degeneration obtained by Stein factorization. Then putting 6''' := 7r^~^(6'^), /''" is also a projective 
minimal semistable degeneration with Kxi + being Cartier. As in the same way as above, 
letting 0| be an irreducible component of 7r^~^{Q'[) dominating Q^, we have [A|J = 7r^^^([AfJ) 
and LDiffLAtj.(Al - [AI\)\ = n^-^-^BiS^^.^.iAt - [AfJ)], where Aj := - Gj) and n^-^ : 

[A|J \_A"\ ^ is the induced morphism by -n'^ between the normalization of [A|J and [A""] . By 
Lemma 3.4, if /''" is of type 1 (resp. of type 11, resp. of type 111), then for any irreducible component 
Q\ of 0"^, (GJ, Diff„t(0^ — ©i)) is of type 1 (resp. of type 11, resp. of type 111). Thus we infer the 

i 

first assertion. As for the last assertion, construct two projective minimal semistable degeneration, 
// : X/ ^ V {j = 1, 2) as in Lemma 5.1 from fj : Xj ^ V {j = 1, 2) such that /f and are 
bimeromorphically equivalent over V^. Since there exists a sequence of fiops between /f and ( see 
[36], Theorem 4.9 ), it is easily seen that and /2 have the same type, so we get the last assertion. 
■ 

Remcirk 5.1 From Proposition 5.1, for a projective log minimal degenerations of surfaces of Kodaira 
dimension zero / : X — > D, we can see that if / is of type 1 (resp. of type 11, resp. of type 111), then 
for any irreducible component 0j of 0, (0i,Diffei(0 — 0^)) is of type 1 (resp. of type II, resp. of 
type III). 



6 Non-semistable degenerations of abelian or hyperelliptic 
surfaces 

In this section we prove Theorem 1.2. Let / : X — > X> be a projective log minimal degeneration 
of surfaces with Kodaira dimension zero. Take the log canonical cover n : X ^ X with respect to 
Kx + 0, where := /*(0)i.cd and let f : X ^ T) he the induced degeneration via Stein factorization. 
For any irreducible component 0j of 0, (X, 0j) is purely log terminal, hence so is (X,7r^^0j). 
Thus the irreducible decomposition 7i~^Qi = J2j is disjoint, which implies that each component 
of := /*(0)red is Q-Cartier hence X is Q-Gorenstein. By [76], Covering Theorem, we see that 
{X, 0) is divisorially log terminal. Thus we conclude that / : X — > P is a projective log minimal 
degeneration of surfaces with Kodaira dimension zero with Kji + being Cartier. Let tTj : 0^ — > 0^ 
be the log canonical cover with respect to Kq. + Aj, where Aj :— Differ (0 — 0j). 

Lemma 6.1 There exists an Stale morphism 0*- 0^. 

Proof. Put Tj := Min{n G N\n{KQ^ + Aj) ~ 0}. By Proposition 4.5, we infer that there exists an 
open neighbourhood U oi X containing 0j such that Ou{ri{Ku + 0|c/)) G Tor Pic°U. Let rrii be the 
order of Ou{ri{Ku + 0|c/))- For any connected component V of Tr~^U, 7r|y factors into Tr\v = (3 o a, 
where a : F — > 1^ is etale of degree and P : W ^ U is finite of degree rj. We note 7r|y also 
factors into tTj o uj, where u : 7r~^0j 0j is finite. Since 7r\v is cyclic, we see that — 0^ and 

that LU is etale. Thus we get the assertion. ■ 

Assume that e^Qp(Xt) = for i e T>*. Prom the first part of Corollary 1.1 and Lemma 6.1, we 

obtain eQ^]^(0i \ Aj) = 0, where Aj := 7rj"^[AjJ. Let tt^ : {X,p) (X,p) be the log canonical cover 
of the germ of X at p G 0i \ [AJ with respect to Kx + 0i. The last part of Corollary 1.1 says 
that (X,7rp"^0j) has only singularity of type Vi(r;a, — a, 1) at p G X, where (r, a) = 1. Thus by 
the exact sequence (4.13) in the previous section, we have 7r[°'^(Reg {X,p)) ~ 7r|°Q^ p[Diff0^(O)]. So 
when we want to calculate the local fundamental group 7r[°'^(Reg {X,p)), we only have to calculate 



7r[°Q^ p[Diff0^(O)]. Wc note that the proof of the first assertion of Theorem 1.2 is straightforward since 
{X,p) has the universal Cartier cover tt"^ : {X\p^) — >• {X,p) with respect to Kx + Qi such that 
is smooth ( see Proposition 4.3 ). 

6.1 Case Type II 

In this section, we prove Theorem 1.2 in the case of type 11. From proposition 3.3, For p e 0j \ Aj, 
possible 7r}°|,, j,[Diffei(0)] is calculated to be Z/nZ or Z/2Z © Z/nZ, where n = 2,3,4 or 6. In 
applying the log minimal model program on / : X — > D with respect to Kx, we see that each 
extremal contraction contracts a prime divisor to a curve and reducing to the surface case, that 
contracting generic curve does not intersect Supp {Diffei(0 — ©i)}- So the last assertion in the case 
of type II follows from the following Lemma. 

Lemma 6.2 Let X be a normal Q-Gorenstein 3-fold and Si, S2, E be mutually distinct Q-Cartier 
prime divisors on X such that Si Cl S2 = 0- Putting D := Si + S2 + E, assume that {X,D) is 
divisorially log terminal and that there exists an extremal contraction ip : X ^ X'^ to a normal 3- fold 
X^ such that Si is -ample for i — 1, 2 and the following {1), (2) and (3) hold. 

(1) —Kx is (f -ample, 

(2) Kx -\- D is numerically trivial over X\ 

(3) E is contracted to a curve on X^ and general fibres of the induced morphism tp : E ^ ^{E) does 

not intersects Supp {Diff£;(D — E)}. 

Then {X\D^) has only divisorially log terminal singularities, where :— (p^D. 

Proof Let F be any exceptional divisor in the function field of X'^ centered on X^ whose log 
discrepancy with respect to Kxii + is non-positive. If F = i?, the conditions (1) and (3) imply 
that is smooth and has simple normal crossings at the generic point of the center of F. If 
F ^ E, log discrepancy at F with respect to Kx + D is non-positive from the condition (2), hence 
the support of F at X is a curve C contained in 5*1 Ci E. If C is contracted to a point by ip, then 
{S2, C) > which contradicts the assumption Si f] S2 — 0. So X'^ is smooth and has simple 
normal crossings at the generic point of the center of F also in this case. Thus we get the assertion 
by [76], Divisorial Log Terminal Theorem. ■ 

6.2 Case Type III 

The the results of Theorem 1.2 in the case of type III follows from the Propositions 3.4, 3.5, 3.6, 3.7, 
3.8, 3.9 and the following lemma. 

Lemma 6.3 Let {X,p) be a three dimensional Q-Gorenstein singularity and F be a prime divisor 
on X passing through p & X such that {X, F) is purely log terminal. Let tt : {X,p) — > {X,p) be the 
log canonical cover with respect to Kx + F and put F := 7r~"^F. Assume that (T.p) ~ (C^,0) and 
Diffr(O) = (l/2)div(2;^ -\-w"') {n>2), where {z,w) is a system of coordinate ofV atpET and that 
(X, F) has singularity of type Vi{r-] a, —a, 1) at p E X , where (r, a) = 1. Then we have n = 2. 

Proof. It can be easily checked that (X\p^) and (T\p^) are both smooth and that 7r}°[, p[Diffr(0)] ~ 
7rl°^(Reg X) ~ G, where G is the dihedral group of the order 2n (see also [53]). Let G =< a, b; a"^ = 
1, 6^ = 1, b^^ab = a^^ > be a presentation of G and pr : G ^ U{2, C) be a corresponding represen- 
tation with respect to (F,Diffr(0)) defined as follows. 




/ g27ri/n Q \ 

Pr{a) = ( Q ^-2ni/n I > Pr{b) = 

Let px '■ G ^ U{3,C) be a corresponding faithful representation with respect to {X,p). Since 
C is invariant under the action of G through px, px is equivalent to pr©X for some character 
X : G Let X be the kernel of the character G Aut Oxt(Kxt + r^)/mptCxt(i^xt + F^) 

induced by px- Then we see that K = Ker det pr- Since we have dot pr{a) = 1 and det pr{b) = —1, 
we have < a >C K and b ^ K. Noting that we have 2 = [G :< a >] = [G : K][K :< a >], we obtain 
K =< a >. We also note that we have ord x(a) — n since p & X C^/K is isolated. On the other 
hand, since we have x(6~-'^a6) = x(a~^), we get x(a)^ = 1. Thus we conclude that n — 2. m 
The last assertion of the Theorem 1.2 in the case of type III follows from [62], Theorem 3.1. 



7 Canonical bundle formulae 



7.1 Review on Fujino-Mori's canonical bundle formula 

Let / : X — > S be a morphism from a normal projective variety X with dim X — m + 1 onto a 
smooth irreducible curve B defined over the complex number field. Assume that X has only canonical 
singularities and that a general fibre F of / is an irreducible variety with Kodaira dimension zero. 
Let b be the smallest positive integer such that the 6-th plurigenera of F is not zero. According to 
[17], there exists a Q-divisor Lx/b on B with non- negative degree such that there exists a C^-algebra 
isomorphism 

®i>oOB{[iLx/B\) ^ ®i>of*Ox{ibKx). 

Lx/B is well defined in the sense that Lx/b is unique modulo linear equivalence^. Mori also defined 
a Q-divisor L^^^^ on S as a "moduh contribution" to a canonical bundle formula as follows. 

Proposition 7.1 ([17], Corollary 2.5) There exists a Q-divisor L^/si^ Lx/b) withdegL^/B 

> 

such that 

(i) r*L'^-^/B — Lx' /B' for any finite surjective morphism t : B' ^ B from an irreducible smooth curve 

B' , and that 

(ii) T*Lx/B — Lx'/B' o,t p' G B' if X Xb B' has a semistable resolution over a neighbourhood of 

p' e B' or f'*{p') has only canonical singularities, 

where f : X' ^ B' is a fibration by taking a non-singular model of the second projection X Xb 
B' B'. 

Reiiicirk 7.1 Since Lx/b and -^x/b(^ Lx/b) depend only on the birational equivalence class of X 
over S, we can define these Q-divisors even if the singularity of X is worse than canonical by passing 
to a non-singular model. 

Let TT : F — > F be a proper surjective morphism from a smooth variety F obtained by taking 6-th 
root of the unique element of 16X^1 and desingularization. Put N{x) :— L.C.M.{n e N\(p{n) < x}, 
where </? denotes the Euler's function. Let Bm be the m-th Betti number of F. The following theorem 
says, coefficients appearing in canonical bundle formulae can be well controlled. 



^ Any two Q-divisors Di and D2 on a variety are said to be linearly equivalent to each other if Di — is a principal 
divisor. 



Theorem 7.1 ([17], Proposition 2.8 and Theorem 3.1) (1) N{B^)L''^^^ is a Weil divisor. 

(2) Assume that NL^ib <^ Weil divisor. Then we have hKx — f*{bKB + L^x/b + ^peB ^pP) + 
where Sp & Q and E is an effective Q-divisor such that 

(i) for each point p e B, there exist positive integers Up, Vp such that Q < Vp < bN and 

bNup — Vp 
" Nup ' 

(ii) Sp = if f* (p) has only canonical singularity or if f : X ^ B has a semistable resolution 
in a neighbourhood of p, and 

(iii) f,Ox{[nE\) = Ob for any neN. 

7.2 Canonical Bundle Formulae and Log Minimal Models 

Lemma 7.1 Let f : X ^ B be a proper morphism from a normal variety X onto a smooth irreducible 
projective curve B defined over the complex number field whose general fibre F of f is a normal variety 
with only canonical singularity whose Kodaira dimension is zero. Let b be the smallest positive integer 
such that the b-th plurigenera of F is not zero as in the previous section. Let T, G B be a finite set 
of points which consists of all the points p E B, such that f*{p) is not a normal variety with only 
canonical singularity. Assume that {X,Q) is log canonical where := (/*S)red- Then there exists 
d e N, such that 

f.Ox{n{Kx + e)) = OB{n{KB + {l/b)Ui/B + S)) 

for any n e dN . 

Proof. Take a finite Galois cover r : B'^ — > B from a smootli projective curve B'^ sucli tliat 
X Xb B'^ — > B"^ has a semistable resolution g'^ : Y"' — > B"^ . Let tt : X"^ — > X be the normalization in 
the function field of Y" and let f : X" ^ B" be the induced fibration. Put := tt-^O. Looking 
at the formula to be proved, we may assume that r is etale over B \ Supp E. Taking sufficiently 
divisible n e iV, we have 

- f,7:,n*Ox{n{Kx + Q)) 

= f,{Ox{n{Kx + Q))®T^.Ox^). 

On the other hand, since X" \ Supp O'^ has only canonical singularity, 0'^ is Cartier and {X'^ , 0^) 
is log canonical, we can duduce that X'^ has only canonical singularity Therefore, we have 

nf^Ox'^HRx'^ + Q")) = T,CB.(n(XB. + (l/6)L-./B. + (T*E),ed)) 

= nT*OB{n{KB + {llb)Lf/B + S)) 
= ObHKb + {llb)Vi,B + S)) ® t.Ob-^ 

and hence 

f40x{n{Kx + 0)) ® TT.Cx-) = OB{n{KB + {l/b)L'^,B + E)) ® t.Ob^. 
Taking the invariant part under the action of Gal {B'^ / B) , we obtain 

f.Ox{n{Kx + 0)) = OB{n{KB + {l/b)Ui/B + S)). 



Remark 7.2 Let : ^ B he a strictly log minimal fibration ( or degeneration ) of surfaces with 
Kodaira dimension zero projective over B as in Definition 1.1. Since Kx^ is numerically trivial over B, 
there exists a positive integer £p e N such that f^*{p) = ^pQp for any p E B, where := /**(p)red- 
Let II : Y ^ be a minimal model over X^, that is, // is a projective birational morphism from a 
normal Q-factorial Y with only terminal singularity to X* such that Ky is //-nef. By running the 
minimal model program over B starting from the induced morphism g := o n : Y ^ B , we obtain 

a minimal fibration h : Z ^ B and a dominating rational map A : Y > Z over B. Since X* has 

only log terminal singularity, there exists an effective Q- divisor A with |_AJ = on y such that 

Ky + A^ IjTKxs. 

Since Ky + A, Kz + A*A and Kz are all numerically trivial over S, there exists a non-negative 
rational number /ip E Q such that 

X,Ap^ fXph*{p), (7.14) 

where Ap denotes the restriction of A in a neighbourhood of the fibre over p e B. When B is 
complete, a canonical bundle formula can be calculated by using Lemma 7.1 as follows 

Kz = h\Ks + + - ^^p)P)■ (7-15) 

Define e Q by 

£ - 1 

■= K—n ^p)- 

tp 

We can check Mori's estimate of Sp in Theorem 7.1 as in the following way. Firstly, we note that wc 
may assume that there exists a prime //-exceptional divisor over p E B such that E C Supp A and 
X^E 7^ 0, since otherwise, Hp = and hence Sp = {£p — l)/ip- Put 

Ip :— Min{n G N\n{Kx^ + Op) is Cartier in a neighbourhood of the fibre f^*{p)}. 

Since {X'^, 9*) is log canonical, we have 

< Ipai{E; X\ = Ip{a{E; X') - multEA(*e; + 1) G Z. 

Thus if we put v'p := Ip{-a{E; X") + multE/i*6p), we have v'p e N and < Vp < Ip. Put 

Up := £pmultE//*©p = mu[tEg*{p) e N. 

Then we have (ip = —a{E]X^)/u'p and Sp = b{IpUp — v'p) / Ipu'p. So the estimation of Sp reduces to the 
estimation of Ip in our case. By passing to a divisorially log terminal model of {X^, and using 
Proposition 4.5 and [78], Proof of Theorem 2.1, we get /p|A^(21). 

Remark 7.3 We should note that ip E N and iip E Q depends on the choice of strictly log minimal 
model. For example, consider a degeneration of elliptic curve whose singular fibre is of type rn^i. 
Obviously, the minimal model is a strictly log minimal model in this case and we obtain ip — m 
and /Ip — 0. But blowing up the node of the singular fibre and blowing down the exceptional 
divisor we obtain another strictly log minimal model. When we use this model, we get ip — 2m and 
lip = l/(2m). 



To avoid this indeterminacy, we shall introduce the notion of moderate log canonical singularity. 



Definition 7.1 Let {X, A) be a normal log variety and let A' be a boundary on X such that A' < A. 
Assume that {X, A) is log canonical and that Kx + A' is Q-Cartier. {X, A) is said to be moderately 
log canonical with respect Kx + A' if for any exceptional prime divisor E of the function field of X 
with ai{E;X,A) = 0, the inequality ai{E;X,A') > 1 holds. 

Remark 7.4 If X is Q-Gorcnstcin and (X, A) is divisorially log terminal, then (X, A) is moderately 
log canonical with respect to Kx by [76], Divisorial Log Terminal Theorem. Thus it is easy to see 
that for a strictly log minimal fibration (or degeneration) : X^ — > B constructed in such a way as 
explained in Remark 1.1, (X*,©*) is moderate with respect to i^x", where := Z^pes^p- 

Lemma 7.2 Let // : X/ ^ B {i = 1,2) be two strictly log minimal fibration {or degeneration) of 
surfaces with Kodaira dimension zero which are birationally equivalent to each other over B and let 
be a positive integer such that fl*{p) — i^^^t^p, where ©f^ := fi*{p)Ted /'^'^^ ~ ^- ^^^^'^s that 
(Xf,©f p) is moderately log canonical with respect to Kxf- Then < Moreover, z/(X|,©|p) 
is also moderately log canonical with respect to Kx^, then ff : Xf B and /| : X| — > B are 
isomorphic in codimension one to each other over a neighbourhood of p e B and — 

Proof. Take a desingularization ai :W ^ X? of Xf and let a; : 1^ — > S be the induced morphism. 
Let G^') be a ctj-exceptional effective Q-divisor defined by G^*^ := Kw + ©f ^y — a*{Kxf + We 
note that G^^^ — G^^^ e uj*(Div{B)®Q) by their definitions. Since G^*^ is effective and Supp G^ does 
not contain the support of the fibre uj*{p) entirely for i = 1,2, we have G^^^ = G*-^-*. If we assume 
that any ai-exceptional divisor contained in a fibre uj~^{p) is Q;2-exceptional, then we have i^^ = i^^ 
obviously, so we may assume that there exists a cti-exceptional prime divisor E C u!~^{p) which is 
not Q;2-exceptional. If we assume that ai{E;Xl,eip) > 0, then E C Supp G^^) = Supp G^^\ which 
is a contradiction. Thus we have ai{E; X^,Qf^^) — and hence a{E;X^) > by the assumption. 
Therefore we deduce that 

- multEa;*(p) = i^^^^ mult EalOl^ = i^j^\a{E;X^) + 1) > 

The last assertion also follows from the above argument. ■ 

Proposition 7.2 (c.f. [36], Theorem 4.9) Let // : Xf ^ B {i = 1,2) be two strictly log minimal 
fibration {or degeneration) of surfaces with Kodaira dimension zero projective over B which are 
birationally equivalent to each other over B. Assume that (X/, 0^^) is moderately log canonical with 
respect to Kx^ for i = 1,2. Then ff : X'l B and /| : Xg B are connected by a sequence of 
log flops over a neighbourhood ofpEB, that is, there exist birational morphisms between normal 
threefolds over a neighbourhood of p & B which are isomorphic in codimension one: 

X(°) ^ ^ X(^) ^ Z(^) • • • ^ X(") X|, 

where X^''^ is Q-factorial for k — 0,1, . . .n. 

Proof. Take a relatively ample effective divisor LL on X| over B and let LP be the strict transform 
of LL on Xf . Applying the log minimal model program on Xf over B with respect to Kxf + sLL', 
where e is sufficiently small positive rational number, we may assume at first that LL' is /f-nef since 
contraction morphisms appearing in the log minimal model program do not contract divisors. By 
the Base Point Free Theorem ([54]), some multiple of LL' defines a birational morphism 7 : Xf — > X| 
over B which is isomorphic in codimension one. Since Xf and Xf are both Q-factorial, 7 is an 
isomorphism and thus we get the assertion. ■ 



Definition 7.2 Let : X* B be a strictly log minimal fibration (or degeneration) of surfaces 
with Kodaira dimension zero projective over B such that (X*, 0^) is moderately log canonical with 
respect to Kx' and let £p E N and /Xp G Q be as defined in Remark 7.2. We define i* G N, fx* E Q 
and s* E Q as £* :— £p, n* := fj,p and 



£* -1 



Proposition 7.2 give the following: 



Corollary 7.1 i* E N and /i* E Q are birational {or bimeromorphic) invariants of germs of singular 
fibres over p E B and hence so is s*. 

Example 7.1 For degenerations of elliptic curves, one can define invariants £*, yU* and s*in the same 
way and it can be checked that £* coincides with the multiplicty if the singular fibre is of type or 
otherwise, with the order of the semisimple part of the monodromy group around the singular fibre. 
We can also obtain the following well known table: 
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1/4 


3/4 


1/3 


2/3 



Here we are using the Kodaira's notation ([35]). See also [19]. 

Lemma 7.3 s* — if and only if £* — 1. 

Proof. Firstly, assume that i* = 1, then we have obviously s* = since s*>0 and /x* > 0. Sec- 
ondarily, assume that s* — 0. Let : — > 5 be a strictly log minimal fibration (or degeneration) 
of surfaces with Kodaira dimension zero projective over B such that (X*,©^) is moderately log 
canonical with respect to Kx^- We may assume that the singularity of is worse than canonical 
and let II : Y ^ X^ and E be as in Remark 7.2. Then from the assumption, we have 



K- 



- 1 



£* 



+ 



a{E;X' 



) = 0, 



hence a{E;X',Q*p) = 1 - I* mult eIi* Op. Since a(E; 0;) > and l*umltEli*Qp E N, we have 
a{E; X^, 0*) = 0. Prom the definition of moderately log canonical singularity, we have a{E; X^) > 
and hence //* < 0, which is a contradiction. ■ 

Lemma 7.4 Let f^ : ^ B be a strictly log minimal fibration {or degeneration) of surfaces 
with Kodaira dimension zero projective over B. Then /ip = if and only if X^ has only canonical 
singularity over a neighbourhood of p E B. 

Proof. We shall use notation in Remark 7.2. Assume that fip = and that singularity of X* is 
worse than canonical over a neighbourhood of p E B. Let be a resolution of the graph of A 
and let a : W ^ Y and (3 : W ^ Z he projections. Since /3*A^ = A*A = over p E B, we 
have Kw + = a*{KY + A) = P*Kz over p E B. Since Z has only terminal singularity by its 
construction, we obtain — A^ > 0, which is absurd. ■ 



Lemma 7.5 Let : V be a strictly log minimal degeneration of surfaces with Kodaira 

dimension zero projective over a unit complex disk V with the origin p := & V and let i: : V V 
be a cyclic covering from another unit disk V with the order ip which is etale over T>* :— V\ {p} . 
Let f : X ^ V be a relatively minimal degeneration which is bimeromorphic to X^ XdT> ^ T> over 
T>. Then f*{p) is reduced and {X, f*{p)) is log canonical and in particular — 0, where p :— eV. 

Proof. Let X' be a Q-factorization of (X'^ Xx> T>Y (see [29], §6, page 120). Then, as in the same 
way as in the proof of Lemma 5.1, we see that the induced degeneration /' : X' — > X> is strictly 
log minimal, projective over V and that f'{p) is reduced, which imply that X' has only canonical 
singularity. Let X be a minimal model over X' , then the induced degeneration f : X ^ V turns 
out to be a minimal degeneration projective over V and it is easily seen that f*{p) is reduced and 
{X, f*{p)) is log canonical . Since minimal models are unique up to flops, we get the first assertion. 
As for the last assertion, we only have to check that is moderately log canonical with 

respect to Kj^, but which is trivial. ■ 

The degree of the moduli contribution to a canonical bundle formula can be calculated in a certain 
condition. 

Proposition 7.3 Let f : X ^ B be a proper surjective morphism from a normal algebraic three- 
folds X with only canonical singularity onto a smooth projective curve B whose general fibre is a 
surface with Kodaira dimension zero. Assume that s* = for any p & B. Then deg L^/b — 
deg f,Ox{bKx/B). 

Proof. Let f^ : X^ — ^ B be a strictly log minimal model of / such that (X'', 0^) is moderately log 
canonical with respect to Kx= for any p E B. By Lemma 7.3, we have ip = l and hence /i* = for 
any p E B, from which we infer that f ''^*{p) is reduced and that X'"^ has only canonical singularity 
by Lemma 7.4. By the argument in [49], proof of Definition- Theorem (1.11), there exists a Cartier 
divisor 5 e DivB such that bKxs/s ~ Thus we have 

f.Ox{bKx/B) = f:Oxs{hKxs,B) ^ Ob{5). 

On the other hand, since bKx=/B ~Q deg5 — degL^^^/^ — ^^S^x/b- Thus we 

get the assertion. ■ 

Lemma 7.6 Let f : X ^ B be a proper surjective morphism from a normal algebraic threefolds 
X onto a smooth projective curve B whose general fibre is a surface with Kodaira dimension zero. 
Assume that B . Then there exists a Kummer covering n : B' ^ B from a smooth projective 

curve B' with Gal (B'/B) ~ (BpeB^ /i*Z such that s*, = for any p' e B' for the second projection 
P2:{XxbB'Y ^B' 

Proof. The assertion follows from Lemma 7.5 using the argument in [57], §4, page 112. ■ 

Definition 7.3 Let / : X — > S be a proper surjective morphism from a normal algebraic threefolds 
X onto B ~ whose general fibre is a surface with Kodaira dimension zero. Let Cf be the set of 
all the pair {B\ tt) which consists of a smooth projective curve B' and a finite surjective morphism 
71 : B' ^ B such that s*, = for any p' G B' for the second projection p2 : (X B'Y — >■ B'. For /, 
we define a positive integer d{f) E N as d{f) := Min{deg7r|(i?', tt) G Cf}. 

Definition 7.4 Let Cy% be the set of all the triple (X, /, B) where X is a normal projective threefold 
X with only canonical singularity whose canonical divisor Kx is numerically trivial and f : X ^ B 
is a projective connected morphism onto B ~ P^. 



The following conjecture is important for the bounding problem of Calabi-Yau threefolds. 
Conjecture 7.1 There exists de N such that d{f) < d for any {X, f, B) e Cy^. 

By Lemma 7.6, Conjecture 7.1 reduces to the following: 

Conjecture 7.2 There exists leN such that ripes ^*p<^ for all (X, /, B) e Cy%. 

The following proposition is an important step toward Conjecture 7.2, which can be deduced from 
Theorem 7.1. 

Proposition 7.4 There exists a finite subset S <Z Q and a positive integer v such that for all 
{X, /, B) e Cyl, {s;\p eB}GS and Card {p e B\s; >0}<u. 

By Proposition 7.4, Conjecture 7.2 reduces to the following conjecture on degenerations: 

Conjecture 7.3 Put c* := There exists a finite subset C C Q such that for any degeneration 
of algebraic surfaces with Kodaira dimension zero over a one-dimensional complex disk, c* e C. 

Renicirk 7.5 As we have seen in Example 7.1, for any degenerations of elliptic curves, we have 
c* e {0,1,2,4}. One can state the analogue of conjecture 7.3 in higher dimensional cases using 
the conjectural higher dimensional Log Minimal Model Program. In this case, the problem involves 
another problem such as the boundedness of varieties with Kodaira dimension zero. 

7.3 Abelian Fibred Case 

In this section, we prove the following theorem and apply this to Conjecture 7.1 in abelian fibred 
cases. 

Theorem 7.2 For any degeneration of abelian surfaces over a one- dimensional complex disk, all the 
possible values of the invariant /i* for the singular fibres can be listed in Table VI and VII except the 
case II* — 0. In particular, we have 

c; e {0, 1/5, 1/4, 1/3, 2/5, 1/2, 2/3, 1, 3/2, 2, 3, 4, 5, 6}. 

Definition 7.5 Let Cy^g^i, be the set of all the triple {X,f,B) where X is a normal projective 
threefold X with only canonical singularity whose canonical divisor Kx is numerically trivial and 
f : X ^ B is a projective connected morphism onto B ~ whose geometric generic fibre is an 
abelian surface. 

By Theorem 7.2, we can give a positive answer to Conjecture 7.1 using the argument in the 
previous section. 

Corollary 7.2 There exists d E N such that d{f) < d for any {X, /, B) e C3^| ^^i^^ . 

For the proof of Theorem 7.2, we need the following: 

Lemma 7.7 Let f : X ^ T> be a log minimal Type II degeneration of abelian surfaces. Then local 
fundamental groups of X at any point in X is cyclic. The same holds also for a strictly log minimal 
model f^ : X^ — > V obtained by applying the log minimal model program on f with respect to Kx • 



Proof. We use notation in Lemma 5.1. Since X'^ is smooth and the support of the singular fibre 
has only normal crossing singularity with all of the components being relatively elliptic ruled surfaces, 
Galois group G :— Gal (V^/V) acts biregulary on X"^ and tt : X"' — > X factors into tt = tti o 
where tti : X'^ /G — > X is a bimeromorphic morphism and 7r2 : X'' — > X'^ /G is the quotient map. Let 
{Ej\j e J} be the set of all the TTi-exceptional divisors. Since both of X" jG and X arc Q-factorial, 
we have Exc tti = UjfzjEj, hence tti induces an isomorphism X" /G\VJj,^jEj — * X\UjgjCenterx(-E'j). 
So we only have to check that Center jv(-Ej) is contained in a double curve of for any j £ J but which 
is immediate by [76], Divisorial Log Terminal Theorem, since we have ai{Ej]X,Q) — obviously. 
Thus we get the assertion. ■ 

Proof of Theorem 7.2. If there exists a strictly log minimal model : X* "D of the degeneration 
to be considered such that {X^, Q^) is moderately log canonical with respect to Kx^ and that X^ 
has only canonical singularity, then we have /x* = by its definition and there is nothing we have 
to prove. In particular, we do not have to care about the Type III degeneration by Theorem 1.2. 
Consider a strictly log minimal model : X^ T) obtained by applying the log minimal model 
program on a type I or II log minimal degeneration f : X ^ V with respect to Kx- Assume that 
there exists a point x e X^ such that {X'^,x) is not canonical. By Theorem 1.2, Lemma 7.7 and 
[57], Proposition 3.6 and 3.8,types of singularity of (X*,6*) at a; e X* are of type yi(r; ao, oi, 02) 
with r — 3,A, 5, 6, 8, 10, 12 or V2(r; oq, oi, 02) with r — 3,4, 6. In what follows, we use notation in 
Remark 7.2. By [64], §4, E corresponds to some primitive vector {l/r){kao,kai,ka2) and we have 

a{E;X^) = {l/r)(ka^ +ka^ +ka^) - 1, mult^/i*6'' = (1/r)^, 

hence 

^ _ r — {kao + kai + ka2) 

in the case Vi{r; oq, Qi, 02). In the same way, we obtain 

^ ^ r - (/,Y/o + Ay/1 + k(i2) 

in the case V2(r; Oq, Oi, 02). Determination of possible primitive vectors in the case Vi(r; Oq, Oi, 02) 
with r = 5,8, 10, 12 was essentially done in [57], since degenerations in these cases are Type I in 
our terminology which coincides "moderate" in Oguiso's terminology. When we determine possible 
primitive vectors in other cases, we only have to note that I]?=o k'^i < ''^ which is obvious restriction 
from the assumption and that (r, ka2) = 1 since Sing X* C 0* in the case Vi(r; Oq, Qi, 02) and X^ is 
smooth at the generic point of double curves in the case V2(r; gq, ai, 02). ■ 

Remark 7.6 Theorem 7.2 implies the inequality Sp > 1/6 holds for any degeneration of abelian 
surfaces which has been obtained in the case of Type I degenerations by Oguiso ([57], Main Theorem). 



Table VI, Case Vi{r; gq, ai, 02) 





primitive vectors 


r-p 


p 


divisibility of £* 


(I) 


(1/3)(1,0,1) 


lit 


(£* _ 2) It 
\^p ^//^p 


3\t 


(2) 


fl/4)(l 1 1) 


lit 


(/* - 2) //* 


4ir 




(1/4)(0.1.1) 


21 1 


(t - 3)//* 


Alt 






1 It 


(t - 'y)ir 

V p -) 1 ' p 


5Kp 




(1/6)0 1 1) 


lit 


(£* _ 2) It 
\^p '^J/^p 


6|£; 




(l/6)(2 1 1) 


21 1 


(f* _ 3) /p* 




(7) 


fl/6)fl 1 1) 


3 It 


(£* _ 4) /£* 


QK 


(8) 


(1/6)(1 1) 


Alt 
^/ ^p 


(£* _ 5) /£* 


6 






(1/8)(5.1.1) 


lit 


(£* _ 2) //* 


8|£; 


(10) 


(1/8) (3. 1.1) 




{(* - n/f* 


8|(; 


(11) 


(l/8)(3 1 3) 


1/(3^*) 


v'-'^p V'-'^p/ 


8|^; 


(12) 


(1/10)(7 1 1) 


lit 
^ 1 ^p 


f£* _ 2) It 
v-p ^ii^p 


io|£; 


(13) 


(1/10)(3 1 1) 


hit 


(£* _ 6) l£* 
l^p ^)l^p 


io|£; 


(U) 


fl/10)f3 1 3) 


lit 
^1 ^p 


(£* _ 2) /£* 
V^p ^ll^p 


io|£; 


(15) 


(1/12)(7.1.1) 


?>lt 


(£* _ 4)//* 


i2|^; 


(16) 


('i/r'^)('i 3 1) 


11 C" 


(/■* - r,)/r* 




(17) 


(1/12)(5,1,1) 


b/tp 


(£; - 6)/£; 


i2|£; 


(18) 


(1/12)(3,2,1) 




iK - 7)/£; 


i2|£; 


(19) 


(1/12)(5,1,5) 


i/(5£;) 


(5£; - 6)/(5£;) 


12|C 


(20) 


(1/12)(3,2,5) 


2/(5^) 


(5£; - 7)/(5£;) 


12 




Table VII, Case V2{r; oq, ai, 02) 




l)riinitive vectors 




,s* 


(livisil)ility of 


(21) 


(1/3)(1A1) 


lit. 


- 2)/^; 




(22) 


(1/4)(1,0,1) 


2/tp 


(£; - 3)/£; 




(23) 


(1/4)(1,1,1) 


l/{2tp) 


(2£; - 3)/(2£;) 




(24) 


(1/6)(1,0,1) 


4/£; 


(£; - 5)/£; 




(25) 


(1/6)(1,1,1) 


3/(2£;) 


(2£; - 5)/(2£;) 




(26) 


(1/6)(1,2,1) 


2/(3^) 


(3£; - 5)/(3£;) 


2 


p* 
^p 


(27) 


(1/6)(1,3,1) 


l/(4£;) 


(4£; - 5)/(40 


3 


p* 
^p 



8 Bounding the number of singular fibres of Abelian Fibered 
Calabi Yau threefolds 

Let i? be a smooth projective irreducible curve defined over the complex number field and let K 
denote the rational function field of B. 

Definition 8.1 We define the loci of singular fibres E/, E<^ as follows. 

(1) Let / : X — > S is a projective connected morphism from a normal Q-factorial projective 
variety X with only canonical singularity onto a B. We define the subset of closed points of 
B, by 

"Ef :— {p G B\ f is not smooth over a neighbourhood of p }. 



(2) Let Ak be an abelian variety over K, and let ip : A ^ B he the Neron model of A^- We define 
the subset of closed points of B, T,^ by 

T,ip :— {p E B\ Ak does not have good reduction at p }. 

Remark 8.1 Consider two morphisms fi : ^ B [i = 1,2) as in Definition 8.1, (1), such that 
dimXj = 3 and the that the geometric generic fiber of fi is an abelian variety for i = 1, 2. Assume 
that is /rnef for i = 1,2 and that Xi is birationally equivalent to X2 over B. Then we see 
that —^f2 ^iid hence Card Ei — Card E2, for, as is well known, birationally equivalent minimal 
models are connected by a sequence of flops while abelian varieties do not contain rational curves. 
Moreover, both of the defintions of (1) and (2) are compatible in the case dimyl^ = 2, that is, for a 
birational model f : X ^ B oi Ak such as in Definition 8.1, (1), S/ coincides with E^. 

The aim of this section is to prove the following theorem which gives a positive answer to Oguiso's 
question communicated to the author; Are the numbers of singular fibres of abelian fibered Calabi 
Yau threefolds are bounded? 

Theorem 8.1 There exists s e AT", such that for any triple {X, /, B) e ^-^j 

Sf :— Card Ej < s. 

Let / : X — > i? be a projective connected morphism from a normal Q-factorial projective variety 
X with only canonical singularity onto B. Put Bo :— B\I]f and let /o : — > Bo be the restriction 
of / to Xo :— f~^{Bo). According to the theory of relative Picard schemes and relative Albanese 
maps due to Grothendiek (see [23] and see also [16] working on the analytic category), there exists 
the relative Picard schemes Pic (Xo/Bo) Bo representing the Picard functor whose connected 
component containing the unit section, denoted by Pic°(Xo/i?o) Bo, is a projective abelian scheme. 
Moreover, there exists a morphism a : — > Alb^(Xo/-Bo) over Bo where Alb^(Xo/-Bo) is -Bo-torsor 
under the dual projective abelian scheme of Pic°(Xo/So) denoted by Alb°(Xo/-Bo) satisfying the 
universal mapping property, a is called the relative Albanese map associated with f. If we assume 
that the geometric generic fibre of / is an abelian variety, then a is an isomorphism over Bo by the 
universal mapping property. 

Definition 8.2 Let Xr, be the generic fibre of /. The Neron Model (p : A ^ B of Alb°(X^) is an 
extension of the abelian scheme cpo '■ Alb°(Xo/5o) Bo. We call the Albanese group scheme 
associated with f. 

CoroIIeiry 8.1 There exists s e N, such that for any triple {X, /, B) e C3^^ 

s^ := Card Ej^ < s, 

where ip : A —>■ B is the Albanese group scheme associated with f . 

Proof. Since Axb Bo ^ Alb°(Xo/So), we have E^ C Ey and hence < Sf. Thus the assertion 
follows immediately from Theorem 8.1. 

■ 

The following Lemma can be deduced immediately from the property of torsors. 

Lemma 8.1 Let f : X ^ B be a projective connected morphism from a normal Q-factorial projective 
variety X with only canonical singularity onto B whose geometric generic fiber is an abelian variety 
and let If : A ^ B be the Albanese group scheme associated to f . 



(i) we have L^x/b ~Q ^a/b '^'^^ 

(ii) moreover, if we assume that dim X — 3 and that f : X ^ B admits an analytic local section 
in a neighbourhood of any closed points p E B, then we have T,f = T,^ and s*{f) = s*{ip), 
where and s*(v?) are the analytic local bimeromorphic invariants s* of the fibres of f and 
Lp over p G B defined in Lemma 7.3 respectively. In particular, the Kodaira dimensions of X 
and A are the same. 

By Corollary 7.2, there exists d E N such that d{f) < d, for any (X, f, B) G Cy^^ ^ and in what 
follows, we fix such d G N . Firstly, take any (X, /, B) G Cy^^ Then there exists a finite surjective 
morphism t : B' ^ B from a projective smooth irreducible curve B' with degr < d which is etale 
over any closed points p G -B with s*(/) = and p 7^ Po, where po is a certain closed point of B 
which is not contained in E^, such that s*,{f') = for any closed points p' G B', where /' : X' — > B' 
is a minimal model of p2 : {X Xb B'Y B'. Since the number of closed points of B with s*{f) > 
is bounded by Proposition 7.4, we only have to bound Sf := Card Hf to prove Theorem 8.1. Let 
X^, be the generic fibre of /' over the generic point rj' of B' and let if' : A' ^ B' be the Neron model 
of Alb°(X^,). Since ipi{f') = 1 for any closed points p' G B' by Lemma 7.3, f : X' B' admits 
an analytic local section in a neighbourhood of any closed points p' G B', so we only have to bound 
s^/ :— Card E<^/ by Lemma 8.1. Prom Proposition 7.3, we see that 

dege'*detOi^,/B, = degL^/^' = degLf,/^, = (degr)(degLf/B) < 2c?, 
where e' : — > A' is the unit section of </?'. 

Lemma 8.2 ip' : A' ^ B' has semi-abelian reduction at all closed points p' G B' . 

Proof. From Proposition 7.3, we see that, for Alb''(X'^,), the stable height equals to the differential 
height, hence by [47], Ch.X, proposition 2.5 (ii), we get the result. ■ 

Let K' be the rational function field of B'. Define an abelian variety Z' over K', by 

z' (Aib°(x;o Aib°(x;oT, 

where t denotes its dual. Let (' : Z' ^ B' be the Neron model of Z'. 

Lemma 8.3 Put B'^ := B'\T,^i and let Q : Z'^ ^ B'^ denote the restriction of Q' to ('~^{B'^). Then, 

(i) E^/ = E^/ and CJ^: Z'^^ B'^ is a principally polarized abelian scheme. 

(ii) C,' : Z' ^ B' has semi-abelian reduction at all closed points p' G B' and 

(iii) deg det ^^^'/s' = § deg e'* det < ISii 

Proof. Since (/^'^ : XSk^{X'^l B'^ — > i?^ is a projective abelian scheme, there exists a polarization 
a; : k\h^{X'jB'^) k\h^{X'jB'^)^ which is an isogeny over B'^. Let v?'* : ^ B' be the Neron 
Model of Alb°(X;,)*- Then A'„ extends to an isogeny A' : — > Al^ over B\ hence we have S(p/ = S(p/t 
and Al^ — > B' also has semi-abelian reduction at all closed points p' G B' (see [4], §7.3, Proposition 6, 
Corollary 7 ). Therefore, using [4], §7.4 Proposition 3, we conclude that Z'° = {JV° Xb' A'*°Y B' 
is a semi-abelian sheme and E^/ = E^/, where Z'°, A'° and A'^° denotes connected components of 
Z', A' and A"^ containing their unit respectively. It is well known that ('^ : Z'^ ^ B'^ has a principal 
polarization and that we have the equality deg ('^ det fl^, ^ = 8 deg e'* det O^J^/y^, (see [13], Ch I, §5, 
Lemma 5.5, [47], Ch IX and [83]). ■ 



Let Hg^ Sp(25', Z) and „ be the Siegel's upper half-plane, integral symplectic group of degree 2g 
and the congruence subgroup of level n of Sp(25(, Z) respectively as usual. For n > 3, Ag^n '■= Hg/Tg n 
is known to be smooth quasi projective scheme over the complex number field C. According to [12], 
there exists a normal projective variety Ag ^ over C which contains Ag,n as a open subsheme and 
an ample invertible uj_a* ^ such that for any (yf-dimensional principally polarized abelian variety Ak 
defined over K with a level n structure, the period map (j) : Bo := B ^ •^g,n associated with 
(Po '■ Ao '■= 'p~^{Bo) — > -Bo extends to a morphism 4> : B ^ A* n which gives an isomorphism 
e*detil\/Q ~ 0*c<;^. ^, where (p : A ^ B is the Neron Model of and e is its unit section. Take 
a natural number = N(g,n) G N depending only on g and n such that w^f^^ is very ample. We 
may assume that there exists an effective divisor H on such that O^* ^ (H) ~ and that 

A* n \ Ag^n C Supp H. Take any 51-dimensional principally polarized abelian variety defined over 
K with a level n structure. Under the assumption that n > 3, its Neron Model if : A ^ B is known 
to have semi-abelian reduction at any closed points of B so we have 

C r\Aln \ A,n) C 0-^(Supp H) 

and hence, 

:= Card < deg(j)*H = N{g,n) deg0*tu^*^^ = N{g,n) dege* det O^/^- (8-16) 

If (yf-dimcnsional principally polarized abelian variety does not have a level n structure, there 
exists an finite extension K' of K with [K' : K] < Card Sp{2g, Z/nZ) such that Ak' '■= Ak Xr K' 
has a level n-structure. Let r : B' ^ B he the finite surjective morphism from the smooth projective 
model B' of K' and let (p' : A' ^ B' be the Neron Model of A^'- If we assume that (p : A ^ B 
has semi-abehan reduction at any closed points of B, then we have A' — A Xb B' and hence, 
E^/ = T-^(E^). Thus, by (8.16), we have 



Sip < Sip> < N(g,ri) dege'* detQ\,/B, (8-17) 

= N{g,n) degrdege*detQ\/B (8-18) 
= N{g, n) Card Sp(2^, Z/nZ) deg e* det n^,^- (8-19) 



Proof of Theorem 8.1. As we preiviously remarked, we only have to bound s^/. From Lemma 8.3, 
we have 

V = (8-20) 

< A^(16, 3) Card Sp(32, Z/3Z) deg C det n^z'/B' (8-21) 

< 16dA^(16,3) Card Sp(32,Z/3Z). (8.22) 

Thus we get the assertion. ■ 
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